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Introduction

This document presents a collection of mathematical problems known as coffin problems: they are 
challenging problems that in the 1960s, 1970s, and 1980s were given at some Soviet universities’ admission 
exams with the goal of preventing the enrolment of students who were considered ‘undesirable’, category 
which mainly included people of Jewish origin. Such students were administered these problems at their 
oral examinations.

This is the solution document: each problem is immediately followed by its solution.

The problems are categorised based on topic: each section lists problems that fall under a particular 
category.

The references from which the problems were sourced are listed at the end of the document. 
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Solutions



Evaluations

Problem 1.1

Let 𝑎1,… , 𝑎𝑛 ∈ ℂ be an arithmetic progression, with cos(𝑎𝑖) ≠ 0 for all 1 ≤ 𝑖 ≤ 𝑛. Evaluate the sum:

𝑛−1
∑
𝑖=1

1
cos(𝑎𝑖) cos(𝑎𝑖+1)

Solution

Let 𝑟 be the common difference of the arithmetic progression. If 𝑟 is a multiple of 𝜋, then, trivially, letting 
𝑘 ∈ ℤ such that 𝑟 = 𝑘𝜋:

𝑛−1
∑
𝑖=1

1
cos(𝑎𝑖) cos(𝑎𝑖+1)

=
𝑛−1
∑
𝑖=1

1
(−1)𝑘 cos2(𝑎1)

= (−1)𝑘 𝑛 − 1
cos2(𝑎1)

If 𝑟 is not a multiple of 𝜋, then:

𝑛−1
∑
𝑖=1

1
cos(𝑎𝑖) cos(𝑎𝑖+1)

= sin(𝑎𝑛 − 𝑎1)
sin(𝑟) cos(𝑎1) cos(𝑎𝑛)

= tan(𝑎𝑛) − tan(𝑎1)
sin(𝑟)

In fact:

sin(𝑟)
𝑛−1
∑
𝑖=1

1
cos(𝑎𝑖) cos(𝑎𝑖+1)

=
𝑛−1
∑
𝑖=1

sin(𝑟)
cos(𝑎𝑖) cos(𝑎𝑖+1)

=

=
𝑛−1
∑
𝑖=1

sin(𝑎𝑖+1 − 𝑎𝑖)
cos(𝑎𝑖) cos(𝑎𝑖+1)

=

=
𝑛−1
∑
𝑖=1

sin(𝑎𝑖+1) cos(𝑎𝑖) − sin(𝑎𝑖) cos(𝑎𝑖+1)
cos(𝑎𝑖) cos(𝑎𝑖+1)

=

=
𝑛−1
∑
𝑖=1

tan(𝑎𝑖+1) − tan(𝑎𝑖) =

= tan(𝑎𝑛) − tan(𝑎1)

Problem 1.2

Find sin(1°). 
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Solution 1

Observe that 1° = 10° − 9°, and 10° = 𝜋
18 . Hence:

sin(1°) = sin(10° − 9°) = sin(10°) cos(9°) − cos(9°) sin(9°) =

= 1
2𝑖

cos(9°)(𝑒𝑖 𝜋
18 − 𝑒−𝑖 𝜋

18 ) − 1
2
sin(9°)(𝑒𝑖 𝜋

18 + 𝑒−𝑖 𝜋
18 ) =

= 1
2
𝑒𝑖 𝜋

18 (− sin(9°) − 𝑖 cos(9°)) + 1
2
𝑒−𝑖 𝜋

18 (− sin(9°) + 𝑖 cos(9°))

The term 𝑒𝑖 𝜋
18  is the principal cube root of 𝑒𝑖𝜋

6 =
√
3
2 + 1

2 𝑖, and the term 𝑒−𝑖 𝜋
18  is the principal cube root 

of 𝑒−𝑖𝜋
6 =

√
3
2 − 1

2 𝑖, so they can be written as:

𝑒𝑖 𝜋
18 =

3√
√
3 + 𝑖
2

, 𝑒−𝑖 𝜋
18 =

3√
√
3 − 𝑖
2

The values of sin(9°) and cos(9°) are the following (they can be calculated using the angle difference 
formulas from 9° = 45° − 36°):

sin(9°) = 1
8
√
2(

√
5 + 1) − 1

4
√5 −

√
5

cos(9°) = 1
8
√
2(

√
5 + 1) + 1

4
√5 −

√
5

Altogether:

sin(1°) = 1
8

3√
√
3 + 𝑖
2

⋅ (− 1
2
√
2(

√
5 + 1) +√5 −

√
5 − 𝑖(1

2
√
2(

√
5 + 1) +√5 −

√
5)) +

+ 1
8

3√
√
3 − 𝑖
2

⋅ (− 1
2
√
2(

√
5 + 1) +√5 −

√
5 + 𝑖(1

2
√
2(

√
5 + 1) +√5 −

√
5))

Solution 2

The complex number cos(1°) + 𝑖 sin(1°) is:

cos(1°) + 𝑖 sin(1°) = 𝑒𝑖( 𝜋
18−

𝜋
20 ) = 𝑒𝑖 𝜋

18 ⋅ (cos(9°) − 𝑖 sin(9°)) =

= 1
4

3√
√
3 + 𝑖
2

⋅ ( 1
2
√
2(

√
5 + 1) +√5 −

√
5 − 𝑖(1

2
√
2(

√
5 + 1) −√5 −

√
5))

Then, sin(1°) is its imaginary part. 
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Problem 1.3

Evaluate tan(1
7
𝜋)⋅ tan(3

7
𝜋)⋅ tan(5

7
𝜋). 

Solution

To do 

Problem 1.4

Determine the number of digits of 125100 in base 10. 

Solution 1

The number of digits is 210. To prove this, it needs to be shown that 10209 ≤ 125100 < 10210.

For the first inequality, first observe that 55 > 3⋅210 (since 55 = 3125, and 3⋅210 = 3⋅1024 = 3072). Squaring 
yields: 510 > 9 ⋅ 220 > 8 ⋅ 220. Raising to the power of 10 gives: 5100 > 810 ⋅ 2200 = 10243 ⋅ 2200 > 109 ⋅ 2200. 
Multiplying by 5200 yields: 125100 = 5300 = 5200 ⋅ 5100 > 5200 ⋅ 109 ⋅ 2200 = 10209.

The second inequality is equivalent to 12510 < 1021, which follows by: 1253 ⋅ 1257 < 1283 ⋅ 1257 = 221 ⋅ 521. 

Solution 2

The number of digits is 210. To prove this, it needs to be shown that 10209 ≤ 125100 < 10210.

For the first inequality, first observe that 55 > 3⋅210 (since 55 = 3125, and 3⋅210 = 3⋅1024 = 3072). Squaring 
yields: 510 > 9 ⋅ 220 > 8 ⋅ 220 = 223. Multiplying by 523 gives: 12511 = 533 = 510 ⋅ 523 > 223 ⋅ 523 = 1023. 
Raising to the power of 9 gives 12599 > 109⋅23 = 10207. Finally, 125100 = 125 ⋅ 12599 > 100 ⋅ 12599 >
100 ⋅ 10207 = 10209.

The second inequality is equivalent to 510 < 107 = 27 ⋅ 57 (by raising to the power of 30), which is 
equivalent to 53 < 27, which is true (125 < 128). 

Solution 3

The number of digits of a positive integer 𝑛 in base 𝑏 is ⌊log𝑏(𝑛) + 1⌋. Thus, the required number of 
digits is ⌊100 log10(125) + 1⌋, (and the problem is essentially that of evaluating log10(125) to two decimal 
places).

First notice that log10(2) >
3
10 , since 210 = 1024 > 1000 = 103. Then, observe that 3 = log10(1000) =

log10(2
3 ⋅ 53) = log10(125)+3 log10(2). From this, the following upper bound is deduced: 100 log10(125) =

300 − 300 log10(2) < 300 − 300 ⋅ 3
10 = 210.
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Now observe that log10(125) = log10(100 ⋅
5
4) = 2+ log10(

5
4). The following steps show that 100 log10(

5
4) >

9:

(5
4
)
4
= (1 + 1

4
)
4
= (1 + 1

2
+ 1

16
)
2
> 1 + 1 + 1

4
+ 1

8
= 2 + 3

8

(5
4
)
8
> (2 + 3

8
)
2
> 4 + 3

2
= 5 + 1

2

(5
4
)
16

> (5 + 1
2
)
2
> 25 + 5 = 30

(5
4
)
33

> 5
4
⋅ 302 > 1000

(5
4
)
100

> (5
4
)
99

> 10003 = 109

In conclusion: 100 log10(125) = 200 + 100 log10(
5
4) > 200 + 9 = 209.

Therefore, 209 < log10(125
100) < 210. It follows that ⌊log10(125

100) + 1⌋ = 210. 
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Comparisons

Problem 2.1

Determine which among log2(3) and log3(5) is largest. 

Solution

Observe that:

2 log2(3) = log2(9) > log2(8) = 3

2 log3(5) = log3(25) < log3(27) = 3

Thus log3(5) < log2(3). 

Problem 2.2

Determine which among 
40
∏
𝑛=2

log3(2𝑛)  and 2
40
∏
𝑛=2

log3(2𝑛 − 1)  is largest. 

Solution

To do 

Problem 2.3

Determine which among 8
27

𝜋  and sin(8
7
) is largest. 

Solution

To do 

Problem 2.4

Determine which among 3
√
413  and 6 + 3

√
3  is largest. 
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Solution 1

Claim: 3
√
413 > 7 + 4

9
. This can be shown as follows:

(7 + 4
9
)
3
= 73 + 3 ⋅ 72 ⋅ 4

9
+ 3 ⋅ 7 ⋅ 4

2

92
+ 43

93
= 343 + 196

3
+ 112

27
+ 64/27

27
=

= 343 + 65 + 1
3
+ 4 + 4

27
+ 2 + 10/27

27
< 412 + 1

3
+ 9

27
=

= 412 + 2
3
< 413

Claim: 6 + 3
√
3 < 7 + 4

9
; that is: 3

√
3 < 1 + 4

9
. This can be shown as follows:

(1 + 4
9
)
3
= 1 + 3 ⋅ 4

9
+ 3 ⋅ 4

2

92
+ 43

93
= 1 + 4

3
+ 16

27
+ 64

729
= 2 + 1

3
+ 9 + 7

27
+ 64/27

27
=

= 2 + 1
3
+ 1

3
+ 7

27
+ 2 + 10/27

27
= 2 + 2

3
+ 9

27
+ 10

729
> 3

So, in conclusion:
6 + 3

√
3 < 7 + 4

9
< 3

√
413

Solution 2

Let 𝛼 = 3
√
413 − 3

√
3 . Then: 𝛼3 = 413 − 3 ⋅ 3

√
3 ⋅ 3

√
413 ⋅( 3

√
413 − 3

√
3) − 3 = 410 − 3 3

√
1239𝛼.

Therefore, 𝛼 is a root of the polynomial function 𝑝(𝑥) = 𝑥3 + 3 3
√
1239𝑥 − 410. This function is strictly 

increasing, as a function ℝ → ℝ, hence 𝛼 is its only real root, and, moreover, for every 𝑥 ∈ ℝ, 𝑥 < 𝛼 if 
and only 𝑝(𝑥) < 0, and 𝑥 > 𝛼 if and only 𝑝(𝑥) > 0.

Putting 𝑥 = 6, it needs to be determined whether 216 + 18 3
√
1239 − 410 is positive or negative, which 

simplifies to determining whether 97 is, respectively, less or greater than 9 3
√
1239. Now:

(97
9
)
3
= (10 + 7

9
)
3
> 1000 + 3 ⋅ 100 ⋅ 7

9
+ 3 ⋅ 10 ⋅ 49

81
=

= 1000 + 700
3

+ 490
27

> 1000 + 233 + 10 >

> 1239

It follows that 97 > 9 3
√
1239 , so 𝑝(6) < 0, which means that 6 < 𝛼 = 3

√
413 − 3

√
3. So, in conclusion:

6 + 3
√
3 < 3

√
413
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Solution 3

Let the polynomial 𝑝(𝑥, 𝑦, 𝑧) = (𝑥 − 𝑦)2 + (𝑦 − 𝑧)2 + (𝑧 − 𝑥)2, and recall the polynomial identity:

𝑥3 + 𝑦3 + 𝑧3 − 3𝑥𝑦𝑧 = (𝑥 + 𝑦 + 𝑧) ⋅ 1
2
𝑝(𝑥, 𝑦, 𝑧)

Note that the polynomial 𝑝 evaluated at real values is always non-negative, since it is a sum of squares. 
Substituting 𝑥 = 3

√
413, 𝑦 = −6, 𝑧 = − 3

√
3 in the above identity gives:

1
2
( 3
√
413 − (6 + 3

√
3))⋅ 𝑝( 3

√
413, −6, − 3

√
3) = 413 − 216 − 3 − 3 ⋅ 6 ⋅ 3

√
3 ⋅ 413 =

= 194 − 18 3
√
1239 =

= 2 ⋅(97 − 9 3
√
1239)

Hence, if 97 > 9 3
√
1239, then 3

√
413 is greater than 6 + 3

√
3, and if 97 < 9 3

√
1239, then 3

√
413 < 6 + 3

√
3. 

Now:

(97
9
)
3
= (10 + 7

9
)
3
> 1000 + 3 ⋅ 100 ⋅ 7

9
+ 3 ⋅ 10 ⋅ 49

81
=

= 1000 + 700
3

+ 490
27

> 1000 + 233 + 10 >

> 1239

It follows that 97 > 9 3
√
1239 . So, in conclusion:

6 + 3
√
3 < 3

√
413

Addendum The values of the two expressions are approximately:

3
√
413 ≈ 7.447034238

6 + 3
√
3 ≈ 7.442249570

Their difference is approximately 0.004784668. 

Problem 2.5

Prove that:
3√3 + 3

√
3 + 3√3 − 3

√
3 < 2 3

√
3

Solution 1

Let 𝑟 ∈ (0, 1), and consider the function 𝑓 ∶ ℝ+ → ℝ+ ∶ 𝑥 ↦ 𝑥𝑟. Let 𝑎 ∈ ℝ+, and consider the function 
𝑔 ∶ ℝ+ → ℝ+ ∶ 𝑥 ↦ 𝑓(𝑥 + 𝑎) − 𝑓(𝑥).
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Claim: 𝑔 is decreasing.
This can be proven by showing that 𝑔′ < 0. Now: 𝑔′(𝑥) = 𝑓 ′(𝑥 + 𝑎) − 𝑓 ′(𝑥), so it is sufficient for 𝑓 ′ to 
be decreasing, which is the case if 𝑓 ′′ < 0. This is the case: 𝑓 ′′(𝑥) = 𝑟(𝑟 − 1)𝑥𝑟−2 < 0, because 𝑟 > 0, 
𝑟 − 1 < 0, 𝑥 > 0.

Since 𝑔 is decreasing, then, in particular, 𝑔(𝑥) < 𝑔(𝑥 − 𝑎), that is: 𝑓(𝑥 + 𝑎) − 𝑓(𝑥) < 𝑓(𝑥) − 𝑓(𝑥 − 𝑎), 
which can be rewritten as 𝑓(𝑥 + 𝑎) + 𝑓(𝑥 − 𝑎) < 2𝑓(𝑥).

With 𝑟 = 1
3
, 𝑎 = 3

√
3, and 𝑥 = 3, the claimed inequality follows. 

Solution 2

Let 𝑟 ∈ (0, 1), and consider the function 𝑓 ∶ ℝ+ → ℝ+ ∶ 𝑥 ↦ 𝑥𝑟.

𝑓 is strictly concave (that is, −𝑓 is strictly convex), since for all 𝑥 ∈ ℝ+ 𝑓 ′′(𝑥) = 𝑟(𝑟 − 1)𝑥𝑟−2 < 0, 
because 𝑟 > 0, 𝑟 − 1 < 0, and 𝑥 > 0.
Hence, for any 𝑥, 𝑦 ∈ ℝ+ with 𝑥 ≠ 𝑦, and for any 𝑡 ∈ (0, 1): 𝑓(𝑡𝑥 + (1 − 𝑡)𝑦) > 𝑡𝑓(𝑥) + (1 − 𝑡)𝑓(𝑦).

Putting 𝑟 = 1
3
, 𝑥 = 3 + 3

√
3, 𝑦 = 3 − 3

√
3, 𝑡 = 1

2
, the claimed inequality is obtained. 

Problem 2.6

Prove that:

√3+ 32 sin2(15°) + cos(22°) + cos(70°) + cos(88°) + 2
√
2 sin(15°) > 3

2
(cos(11°) + cos(35°) + cos(44°))

2

Solution

To do 
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Equations

Problem 3.1

For 𝑎 ∈ ℝ, find all real numbers 𝑥 ≥ −𝑎 that satisfy:

√𝑎+
√
𝑎 + 𝑥 = 𝑥

Solution

To do 

Problem 3.2

Find all 𝑥 ∈ ℝ that satisfy:
2 3

√
2𝑥 − 1 = 𝑥3 + 1

Solution

To do 

Problem 3.3

Let 𝑎 ∈ ℝ+. Find all 𝑥 ∈ ℝ+ that satisfy:
𝑥𝑥𝑎 = 𝑎

Solution

To do 

Problem 3.4

Find all 𝑥 ∈ ℝ (or ℂ?) that satisfy:

𝑥4 − 14𝑥3 + 66𝑥2 − 115𝑥 + 66 + 1
4
= 0

Solution

To do 
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Problem 3.5

Find all 𝑥, 𝑦 ∈ ℝ that satisfy:

{


𝑦 ⋅ (𝑥 + 𝑦)2 = 9

𝑦 ⋅ (𝑥3 − 𝑦3) = 7

Solution

To do 

Problem 3.6

For each 𝑛 ∈ ℕ, determine the set 𝑀𝑛 of pairs (𝑎, 𝑏) ∈ ℝ2 such that the equation 𝑥2 − 𝑎 = |𝑥 − 𝑏| has 
exactly 𝑛 solutions in ℝ.

Describe the plot of each set 𝑀𝑛 in ℝ2. 

Solution

To do 

Problem 3.7

Investigate the following equation, for 𝑥 ∈ ℝ, parametrised by 𝑎 ∈ ℝ:

4𝑥 + 2 = 2𝑥𝑎 sin(𝜋𝑥)

Solution

To do 

Problem 3.8

Find all 𝑥 ∈ ℝ that satisfy:
sin7(𝑥) + 1

sin3(𝑥)
= cos7(𝑥) + 1

cos3(𝑥)

Solution

To do 
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Problem 3.9

Find all 𝑥 ∈ ℝ that satisfy:

sin 11
7 (𝑥) + cos 19

11 (𝑥) = √19
7

Solution

To do 

Problem 3.10

Find all 𝑥 ∈ ℝ that satisfy:

(1 − 1
8
cos2(𝑥))

8
= sin2(𝑥)

Solution

Make the substitution 𝑦 = 1 − 1
8 cos

2(𝑥). The range of possibe values of 𝑦 is [1 − 1
8 , 1] = [ 7

8 , 1]. Using 
that sin2(𝑥) = 1 − cos2(𝑥) and cos2(𝑥) = 8 − 8𝑦, the substitution yields the equation

𝑦8 − 8𝑦 + 7 = 0

Clearly, 1 is a solution, and it yields the factorisation

𝑦8 − 8𝑦 + 7 = (𝑦 − 1)(−7 +
7

∑
𝑘=1

𝑦𝑘)

The term −7 +
7
∑
𝑘=1

𝑦𝑘 is a strictly increasing function of 𝑦 for 𝑦 > 0. Thus, in particular, it admits at 

most one root in the range [ 7
8 , 1]. The root is 1, trivially. Hence, the equation 𝑦8 − 8𝑦 + 7 = 0 admits 

only the solution 𝑦 = 1 (with multiplicity 2) in the range [ 7
8 , 1].

The solution 𝑦 = 1 corresponds to 1 − 1
8 cos

2(𝑥) = 1, that is cos(𝑥) = 0. It is immediate to see also that 
every 𝑥 ∈ ℝ such that cos(𝑥) = 0 is a solution to the original equation.

In conclusion, the solutions are 𝑥 = 𝜋
2 + 𝑘𝜋 for 𝑘 ∈ ℤ. 

Problem 3.11

Find all 𝑥 ∈ (0, 𝜋) that satisfy:
cot(𝑥) = sin(𝑥 + 𝜋

4
)

12



Solution

To do 

Problem 3.12

Find all 𝑥 ∈ ℝ that satisfy:

sin3(𝑥) cos(𝑥
2
) + 1

2
sin(𝑥) sin(𝑥

2
)(1 + 2 cos(𝑥

2
)) − 6 sin2(𝑥

2
) − 1 = 0

Solution

To do 

Problem 3.13

Find all 𝑥 ∈ ℝ+ that satisfy:
1

16𝑥
= log 1

16
(𝑥)

Solution

To do 
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Inequations

Problem 4.1

Find all 𝑥 ∈ [−1, 1] that satisfy:

𝑥 ⋅ (8
√
1 − 𝑥 +

√
1 + 𝑥) ≤ 11

√
1 + 𝑥 − 16

√
1 − 𝑥

Solution

Notice that 𝑥 = −1 does not satisfy the inequality; thus the range of values of 𝑥 can be restricted to 
(−1, 1]. The inequality is equivalent to the following, obtained by dividing by 

√
1 + 𝑥, which is always 

strictly positive for 𝑥 ∈ (−1, 1]:

𝑥 ⋅ (8
√
1 − 𝑥√
1 + 𝑥

+ 1) ≤ 11 − 16
√
1 − 𝑥√
1 + 𝑥

Let 𝑦 =
√
1−𝑥√
1+𝑥 . Hence 𝑥 = 1−𝑦2

1+𝑦2 . The inequality becomes:

1 − 𝑦2

1 + 𝑦2
⋅ (8𝑦 + 1) ≤ 11 − 16𝑦

and it is equivalent to the following, obtained by multiplying by 1 + 𝑦2 (which is always strictly positive):

(1 − 𝑦2)(8𝑦 + 1) ≤ (1 + 𝑦2)(11 − 16𝑦)

which, expanded, is:
8𝑦3 − 12𝑦2 + 24𝑦 − 10 ≤ 0

The polynomial 8𝑦3 − 12𝑦2 + 24𝑦 − 10 has a root at 𝑦 = 1
2 , which yields the factorisation 8𝑦3 − 12𝑦2 +

24𝑦 − 10 = 2(2𝑦 − 1)(2𝑦2 − 2𝑦 + 5). Thus, the inequality can be written as:

2(2𝑦 − 1)(2𝑦2 − 2𝑦 + 5) ≤ 0

The quantity 2𝑦2 − 2𝑦 + 5 is always strictly positive, so the inequality is equivalent to 2𝑦 − 1 ≤ 0, that is: 
2
√
1−𝑥√
1+𝑥 ≤ 1. Since 

√
1−𝑥√
1+𝑥  is non-negative, the inequality is equivalent to 4 1−𝑥

1+𝑥 ≤ 1, obtained by squaring. 
Since 𝑥 > −1, the inequality is equivalent to 4(1 − 𝑥) ≤ 1 + 𝑥, obtained by multiplying by 1 + 𝑥, which is 
positive. This simplifies to 5𝑥 ≥ 3, that is: 𝑥 ≥ 3

5 .

In conclusion, the solution set is [ 35 , 1]. 
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Problem 4.2

Find all 𝑎 ∈ ℝ such that for any 𝑥 ∈ ℝ+ the following holds:

𝑎𝑥2 + 2𝑥 > 3𝑎 − 1

Solution

To do 

Problem 4.3

Find all 𝑥 ∈ ℝ that satisfy:
2sin(𝑥) + 2cos(𝑥) ≥ 21−

1√
2

Solution

To do 

Problem 4.4

Show that for all 𝑥 ∈ (0, 𝜋
2 ) the following holds:

1
sin2(𝑥)

< 1
𝑥2 + 1 − 4

𝜋2

Solution

To do 

Problem 4.5

Show that for all 𝑥 ∈ (0, 𝜋
2 ] the following holds:

sin3(𝑥)
𝑥3 > cos(𝑥)

Solution

To do 
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Problem 4.6

Find all (𝑥, 𝑦) ∈ (−3, 3) × ℝ that satisfy:

3𝑦 log3(9 − 𝑥2) ≤ 1 + 32𝑦

Solution

The inequality can be equivalently written as

log3(9 − 𝑥2) ≤ 3𝑦 + 3−𝑦

It is satisfied by all (𝑥, 𝑦) ∈ (−3, 3) × ℝ. In fact, log3(9 − 𝑥2) is maximum when 9 − 𝑥2 is maximum, 
which is when 𝑥 = 0; this corresponds to a global maximum of log3(9) = 2.

And 3𝑦 +3−𝑦 is minimum for 𝑦 = 0, (since 3𝑦 +3−𝑦 = (3𝑦/2 − 3−𝑦/2)2 +2) which corresponsds to a global 
minimum of 30 + 30 = 2.

Therefore, for every 𝑥 and 𝑦, the inequality log3(9 − 𝑥2) ≤ 2 ≤ 3𝑦 + 3−𝑦 holds. 

16



Algebra and Number Theory

Problem 5.1

Prove that the set {𝑛 +𝑚
√
2 | 𝑛,𝑚 ∈ ℤ} is dense in ℝ. 

Solution

To do 

Problem 5.2

For each 𝑎 ∈ ℕ, let P(𝑎) be the set of prime divisors of 𝑎. Let:

𝑆 = {(𝑎, 𝑏) ∈ ℕ2 | 𝑎 ≠ 𝑏, P(𝑎) = P(𝑏), P(𝑎 + 1) = P(𝑏 + 1)}

Determine whether 𝑆 is finite or infinite. 

Solution

For every 𝑛 ∈ ℤ+, let

𝑎𝑛 = 2𝑛+1 − 2 = 2 ⋅ (2𝑛 − 1), 𝑏𝑛 = 2𝑛+1𝑎𝑛 = 22𝑛+2 − 2𝑛+2

and observe that 𝑏𝑛 + 1 = (2𝑛+1 − 1)2 = (𝑎𝑛 + 1)2. Now:

• 𝑎𝑛 ≠ 𝑏𝑛, since clearly 𝑏𝑛 > 𝑎𝑛;

• P(𝑎) = {2} ∪ P(2𝑛 − 1)  and P(𝑏) = {2} ∪ P(𝑎) = P(𝑎);

• P(𝑏 + 1) = P((𝑎 + 1)2) = P(𝑎 + 1).

In conclusion, the infinite family {(𝑎𝑛, 𝑏𝑛)}𝑛∈ℤ+
 is a subset of the set 𝑆, which is therefore infinite. 

Problem 5.3

For each 𝑖 ∈ ℤ+, let 𝑝𝑖 be the 𝑖-th prime number. Prove that for every 𝑛 ∈ ℤ+:

𝑛
∏
𝑖=1

𝑝𝑖 < 4𝑝𝑛

17



Solution

To do 

Problem 5.4

Prove that sin(10°) is irrational. 

Solution

The relation sin(3𝜃) = −4 sin3(𝜃) + 3 sin(𝜃) holds for every 𝜃 ∈ ℝ. Putting 𝜃 = 30° yields the relation 
1
2 = sin(30°) = −4 sin3(10°) + 3 sin(10°). Hence, sin(10°) is a root of the polynomial 8𝑥3 − 6𝑥+ 1. By the 
rational root theorem, the only possible rational roots of that polynomial are 1,−1, 1

2 , −
1
2 ,

1
4 , −

1
4 ,

1
8 , −

1
8 . 

By inspection, none of those is a root of the polynomial. It follows that sin(10°) is irrational. 

Problem 5.5

Do there exist irrational numbers 𝑎, 𝑏 ∈ ℝ+ such that 𝑎𝑏 is rational?
Do there exist irrational numbers 𝑎, 𝑏 ∈ ℝ+ such that 𝑎𝑏 is irrational? 

Solution 1

The numbers 𝑎 =
√
2 and 𝑏 = 2 log2(3) are irrational, and 𝑎𝑏 = 3 is rational.

The numbers 𝑎 =
√
2 and 𝑏 = log2(3) are irrational, and 𝑎𝑏 =

√
3 is irrational.

(The numbers log2(3) and 2 log2(3) are irrational because no power of 2 is a power of 3, with non-zero 
integer exponents). 

Solution 2

If 
√
2
√
2 is rational, then 𝑎 =

√
2 and 𝑏 =

√
2 are irrational numbers such that 𝑎𝑏 is rational; otherwise, 

√
2
√
2 is irrational, so 𝑎 =

√
2
√
2 and 𝑏 =

√
2 are irrational numbers such that 𝑎𝑏 = 2 is rational.

For any 𝑎 ∈ ℝ+ −{1}, the function 𝑟 ∶ ℝ −ℚ → ℝ ∶ 𝑥 ↦ 𝑎𝑥 is a bijection on its image, hence 
#(im(𝑟)) = #(ℝ −ℚ) = #(ℝ) > #(ℚ); in particular im(𝑟) ⊈ ℚ. So, for every irrational 𝑎 > 0, there 
exist a continuum of irrational numbers 𝑏 > 0 such that 𝑎𝑏 ∈ ℝ −ℚ. 

Problem 5.6

The digit expansion of a number 𝑎 ∈ (0, 1) has 0 as first digit, then for every 𝑛 ∈ ℕ, the digits (2𝑛 + 1)-th 
to 2𝑛+1-th are the opposite of the digits 1-st to 2𝑛-th, respectively, where the opposite of the digit 1 is the 
digit 0, and viceversa. Prove that 𝑎 is irrational. 
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Solution

To do 

Problem 5.7

Does there exist a (non-degenerate) equilateral triangle in ℝ2 whose vertices are rational points? (That is, 
whose vertices are in ℚ2). 

Solution

Suppose that there is an equilateral triangle with rational vertices (𝑥1, 𝑦1), (𝑥2, 𝑦2), (𝑥3, 𝑦3). Its area 
is 1

2 |𝑥1𝑦2 − 𝑥1𝑦3 + 𝑥2𝑦3 − 𝑥2𝑦1 + 𝑥3𝑦1 − 𝑥3𝑦2|, which is rational. And its side length 𝑙 is such that 
𝑙2 = (𝑥2 − 𝑥1)

2 + (𝑦2 − 𝑦1)
2, so 𝑙2 is rational.

The area of the triangle is also 14 𝑙
2√3, which is irrational (because 𝑙2 is rational and 

√
3 is irrational). 

This is a contradiction, thus proving that an equilateral triangle cannot have all vertices on rational points. 

Problem 5.8

Does there exist a point inside a square of side length 1, such that its distances to the four vertices of the 
square are all rational? 

Solution

To do 

Problem 5.9

Does there exist a set 𝑆 ⊆ ℝ2 of six points, no three of which are collinear, and such that for every 
𝑝, 𝑞 ∈ 𝑆 the distance d(𝑝, 𝑞) is integer? 

Solution

To do 

Problem 5.10

Determine all pairs of positive integers (𝑎, 𝑏) such that 𝑎𝑏 = 𝑏𝑎. 
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Solution

To do 

Problem 5.11

Do there exist infinitely many pairs (𝑎, 𝑏) ∈ ℕ2 such that 𝑎2 + (𝑎 + 1)2 = 𝑏2 ? 

Solution 1

The following is an infinite sequence of solutions (𝑎𝑛, 𝑏𝑛):

{


(𝑎0, 𝑏0) = (0, 1)

(𝑎𝑛+1, 𝑏𝑛+1) = (3𝑎𝑛 + 2𝑏𝑛 + 1, 4𝑎𝑛 + 3𝑏𝑛 + 2)

This can be seen by induction on 𝑛: for 𝑛 = 0 it is trivial; then, assuming that the relation holds for 𝑛:

𝑎2𝑛+1 + (𝑎𝑛+1 + 1)2 = 2𝑎2𝑛+1 + 2𝑎𝑛+1 + 1 =

= 2(3𝑎𝑛 + 2𝑏𝑛 + 1)2 + 2(3𝑎𝑛 + 2𝑏𝑛 + 1) + 1 =

= 18𝑎2𝑛 + 8𝑏2𝑛 + 24𝑎𝑛𝑏𝑛 + 18𝑎𝑛 + 12𝑏𝑛 + 5

𝑏2𝑛+1 = (4𝑎𝑛 + 3𝑏𝑛 + 2)2 =

= 16𝑎2𝑛 + 9𝑏2𝑛 + 24𝑎𝑛𝑏𝑛 + 16𝑎𝑛 + 12𝑏𝑛 + 4

They are equal, since their difference is 𝑏2𝑛 − 2𝑎2𝑛 − 2𝑎𝑛 − 1, which is 0, by the inductive hypothesis. 

Solution 2

Let 𝑐 = 2𝑎 + 1. The equation can equivalently be written as:

𝑐2 + 1 = 2𝑏2

This is a Pell equation, which admits infinitely many integer solutions. Note that 𝑐 is necessarily odd, 
since 𝑐2 = 2𝑏2 − 1 is odd; so, in the corresponding solutions (𝑎, 𝑏), 𝑎 is indeed an integer. 

Solution 3

For positive integers 𝑛 > 𝑚, the triples (𝑛2 −𝑚2, 2𝑛𝑚, 𝑛2 +𝑚2) are Pythagorean triples, with different 
pairs (𝑛,𝑚) yielding different triples. The requirement 𝑛2−𝑚2 = 2𝑛𝑚±1 can be rewritten as (𝑛 +𝑚)2 =
2𝑛2 ± 1. Notice that this automatically implies 𝑚 < 𝑛 (since otherwise (𝑛 +𝑚)2 ≥ 4𝑛2 > 2𝑛2 + 1).

Let 𝑆+ be the set of pairs (𝑟, 𝑠) ∈ ℕ2 such that 𝑟2 = 2𝑠2 + 1, and 𝑆− be the set of pairs (𝑟, 𝑠) ∈ ℕ2

such that 𝑟2 = 2𝑠2 − 1. Observe that if (𝑟, 𝑠) ∈ 𝑆+, then (𝑟 + 2𝑠, 𝑟 + 𝑠) ∈ 𝑆−, and if (𝑟, 𝑠) ∈ 𝑆−, then 
(𝑟 + 2𝑠, 𝑟 + 𝑠) ∈ 𝑆+:
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– if 𝑟2 = 2𝑠2 + 1, then (𝑟 + 2𝑠)2 = 𝑟2 + 4𝑟𝑠 + 4𝑠2 = 2𝑟2 + 4𝑟𝑠 + 2𝑠2 − 1 = 2(𝑟 + 𝑠)2 − 1;

– if 𝑟2 = 2𝑠2 − 1, then (𝑟 + 2𝑠)2 = 𝑟2 + 4𝑟𝑠 + 4𝑠2 = 2𝑟2 + 4𝑟𝑠 + 2𝑠2 + 1 = 2(𝑟 + 𝑠)2 + 1.

Since (1, 0) ∈ 𝑆+, there is an infinite sequence of distinct elements (𝑟, 𝑠) in 𝑆 = 𝑆+ ∪𝑆−. For each of them, 
the pair (𝑛,𝑚) = (𝑟 − 𝑠, 𝑠) determines a distinct Pythagorean triple of the desired form. Each solution 
(𝑎, 𝑏) to the given equation corresponds to the two Pythagorean triples (𝑎, 𝑎 + 1, 𝑏) and (𝑎 + 1, 𝑎, 𝑏), so 
there are still infinitely many solutions (𝑎, 𝑏). 

Solution 4

Let 𝑏 = 𝑎 + 𝑛. The equation can be equivalently rewritten as follows (by completing the square):

(𝑎 − 𝑛 + 1)2 = 2𝑛(𝑛 − 1)

It follows that for an integer 𝑛 > 0 there is a solution 𝑎 if and only if 2𝑛(𝑛 − 1) is a square; since 𝑛 and 
𝑛 − 1 do not have any common factors, and one of them is even, this is equivalent to

– 𝑛 and 2(𝑛 − 1) are perfect squares, when 𝑛 is odd;

– 2𝑛 and 𝑛 − 1 are perfect squares, when 𝑛 is even.

In the first case, 𝑛−1 is twice a square, and 𝑛 is a square, so there are 𝑚, 𝑟 ∈ ℕ such that 𝑛 = 𝑚2 = 2𝑟2+1; 
let 𝑆+ be the set of pairs (𝑚, 𝑟) ∈ ℕ2 such that 𝑚2 = 2𝑟2 + 1. In the second case, 𝑛 is twice a square, 
and 𝑛 − 1 is a square, so there are 𝑚, 𝑟 ∈ ℕ such that 𝑛 − 1 = 𝑚2 = 2𝑟2 − 1; let 𝑆− be the set of pairs 
(𝑚, 𝑟) ∈ ℕ2 such that 𝑚2 = 2𝑟2 − 1. Observe that if (𝑚, 𝑟) ∈ 𝑆+, then (𝑚 + 2𝑟,𝑚 + 𝑟) ∈ 𝑆−, and if 
(𝑚, 𝑟) ∈ 𝑆−, then (𝑚 + 2𝑟,𝑚 + 𝑟) ∈ 𝑆+:

– if 𝑚2 = 2𝑟2 + 1, then (𝑚 + 2𝑟)2 = 𝑚2 + 4𝑚𝑟 + 4𝑟2 = 2𝑚2 + 4𝑚𝑟 + 2𝑟2 − 1 = 2(𝑚 + 𝑟)2 − 1;

– if 𝑚2 = 2𝑟2 − 1, then (𝑚 + 2𝑟)2 = 𝑚2 + 4𝑚𝑟 + 4𝑟2 = 2𝑚2 + 4𝑚𝑟 + 2𝑟2 + 1 = 2(𝑚 + 𝑟)2 + 1.

Since (1, 0) ∈ 𝑆+, there is an infinite sequence of distinct elements of 𝑆 = 𝑆+ ∪ 𝑆−, each of which 
corresponds to a distinct 𝑛, and thus to a distinct solution (𝑎, 𝑏). 

Solution 5

The following is a sequence of solutions (𝑎𝑛, 𝑏𝑛), defined inductively:

{


(𝑎−1, 𝑏−1) = (−1, 1)

(𝑎0, 𝑏0) = (0, 1)

(𝑎𝑛+1, 𝑏𝑛+1) = (6𝑎𝑛 − 𝑎𝑛−1 + 2, 6𝑏𝑛 − 𝑏𝑛−1)

To show it, first observe that for each integer 𝑛 > 0: 𝑎𝑛 > 𝑎𝑛−1 and 𝑏𝑛 > 𝑏𝑛−1.
TODO
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Then observe that for each 𝑛, this relation holds: (2𝑎𝑛 + 1)(2𝑎𝑛−1 + 1) = 2𝑏𝑛𝑏𝑛−1 − 3. It can be shown 
by induction on 𝑛: for 𝑛 = 0 it is trivial; then, inductively, assuming it holds for 𝑛:

(2𝑎𝑛+1 + 1)(2𝑎𝑛 + 1) = (2(6𝑎𝑛 − 𝑎𝑛−1 + 2) + 1)(2𝑎𝑛 + 1) = (12𝑎𝑛 − 2𝑎𝑛−1 + 5)(2𝑎𝑛 + 1) =

= 6(2𝑎𝑛 + 1)2 − (2𝑎𝑛−1 + 1)(2𝑎𝑛 + 1) = 6(4𝑎2𝑛 + 4𝑎𝑛 + 1) − 2𝑏𝑛𝑏𝑛−1 + 3 =

= 12(2𝑎2𝑛 + 2𝑎𝑛 + 1) − 6 − 2𝑏𝑛𝑏𝑛−1 + 3 = 12𝑏2𝑛 − 2𝑏𝑛𝑏𝑛−1 − 3 =

= 2(6𝑏𝑛 − 𝑏𝑛−1)𝑏𝑛 − 3 = 2𝑏𝑛+1𝑏𝑛 − 3

Now, showing that each (𝑎𝑛, 𝑏𝑛) satisfies 𝑏2𝑛 = 𝑎2𝑛 + (𝑎𝑛 + 1)2 = 2𝑎2𝑛 + 2𝑎𝑛 + 1 can be done by induction 
on 𝑛. For 𝑛 = −1 and 𝑛 = 0 it is trivial. Then, assuming that the relation holds for 𝑛:

𝑎2𝑛+1 + (𝑎𝑛+1 + 1)2 = (6𝑎𝑛 − 𝑎𝑛−1 + 2)2 + (6𝑎𝑛 − 𝑎𝑛−1 + 3)2 =

= 72𝑎2𝑛 + 60𝑎𝑛 + 2𝑎2𝑛−1 − 10𝑎𝑛−1 − 24𝑎𝑛𝑎𝑛−1 + 13 =

= 72𝑎2𝑛 + 72𝑎𝑛 + 2𝑎2𝑛−1 + 2𝑎𝑛−1 − 12𝑎𝑛 − 12𝑎𝑛−1 − 24𝑎𝑛𝑎𝑛−1 + 12 + 1

𝑏2𝑛+1 = (6𝑏𝑛 − 𝑏𝑛−1)
2 = 36𝑏2𝑛 + 𝑏2𝑛−1 − 12𝑏𝑛𝑏𝑛−1 =

= 36(2𝑎2𝑛 + 2𝑎𝑛 + 1) + (2𝑎2𝑛−1 + 2𝑎𝑛−1 + 1) − 12𝑏𝑛𝑏𝑛−1 =

= 72𝑎2𝑛 + 72𝑎𝑛 + 2𝑎2𝑛−1 + 2𝑎𝑛−1 − 12𝑏𝑛𝑏𝑛−1 + 36 + 1

The two are equal, thanks to the previous relation (2𝑎𝑛 + 1)(2𝑎𝑛−1 + 1) = 2𝑏𝑛𝑏𝑛−1 − 3. 

Problem 5.12

Determine all 𝑎, 𝑏, 𝑐, 𝑑 ∈ ℚ such that

(𝑎 + 𝑏
√
2)

2
+ (𝑐 + 𝑑

√
2)

2
= 5 + 4

√
2

Solution

To do 

Problem 5.13

Rationalise the denominator in the following fraction:

1
3
√
𝑎 + 3

√
𝑏 + 3

√
𝑐
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Solution

Let 𝛼 = 3
√
𝑎 , 𝛽 = 3

√
𝑏 , 𝛾 = 3

√
𝑐 . Consider the polynomial identity:

𝑥3 + 𝑦3 + 𝑧3 − 3𝑥𝑦𝑧 = (𝑥 + 𝑦 + 𝑧)(𝑥2 + 𝑦2 + 𝑧2 − 𝑥𝑦 − 𝑦𝑧 − 𝑧𝑥)

Let the polynomial 𝑝(𝑥, 𝑦, 𝑧) = 𝑥2 + 𝑦2 + 𝑧2 − 𝑥𝑦 − 𝑦𝑧 − 𝑧𝑥. Then:

1
𝛼 + 𝛽 + 𝛾

= 1
𝛼 + 𝛽 + 𝛾

⋅ 𝑝(𝛼, 𝛽, 𝛾)
𝑝(𝛼, 𝛽, 𝛾)

= 𝑝(𝛼, 𝛽, 𝛾)
𝛼3 + 𝛽3 + 𝛾3 − 3𝛼𝛽𝛾

= 𝑝(𝛼, 𝛽, 𝛾)
𝑎 + 𝑏 + 𝑐 − 3 3

√
𝑎𝑏𝑐

The new denominator contains only one radical. Let 𝑢 = 𝑎 + 𝑏 + 𝑐 and 𝑣 = 3 3
√
𝑎𝑏𝑐 . Now:

1
𝛼 + 𝛽 + 𝛾

= 𝑝(𝛼, 𝛽, 𝛾)
𝑢 − 𝑣

⋅ 𝑢
2 + 𝑢𝑣 + 𝑣2

𝑢2 + 𝑢𝑣 + 𝑣2
=

(𝛼2 + 𝛽2 + 𝛾2 − 𝛼𝛽 − 𝛽𝛾 − 𝛾𝛼) ⋅ (𝑢2 + 𝑢𝑣 + 𝑣2)
𝑢3 − 𝑣3

Now the denominator is free of radicals, and, in conclusion, the fraction can be written as:

( 3
√
𝑎2 + 3

√
𝑏2 + 3

√
𝑐2 − 3

√
𝑎𝑏 − 3

√
𝑏𝑐 − 3

√
𝑐𝑎)⋅((𝑎 + 𝑏 + 𝑐)2 + 3(𝑎 + 𝑏 + 𝑐) 3

√
𝑎𝑏𝑐 + 9 3

√
𝑎2𝑏2𝑐2 )

(𝑎 + 𝑏 + 𝑐)3 − 27𝑎𝑏𝑐
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Analysis

Problem 6.1

Let 𝑓 ∶ ℝ → ℝ be a monotonically increasing function. Let 𝑎, 𝑏 ∈ ℝ with 𝑎 < 𝑏. Determine which points 
𝑐 ∈ (𝑎, 𝑏) minimize the value:

𝑐

∫
𝑎

𝑓(𝑥) − 𝑓(𝑎) d𝑥 +
𝑏

∫
𝑐

𝑓(𝑏) − 𝑓(𝑥) d𝑥

Solution

To do 

Problem 6.2

Let 𝑓 ∶ [0, 1] → ℝ+ be a continuous function. Let 𝑎, 𝑏 ∈ ℝ+ such that 𝑎 ≤ 𝑓 ≤ 𝑏. Prove that:

𝑎𝑏
1

∫
0

1
𝑓(𝑥)

d𝑥 ≤ 𝑎 + 𝑏 −
1

∫
0

𝑓(𝑥) d𝑥

Solution

To do 

Problem 6.3

Find all functions 𝑓 ∶ ℝ → ℝ such that for any 𝑥, 𝑦 ∈ ℝ the following holds:

𝑓(𝑥) − 𝑓(𝑦) ≤ (𝑥 − 𝑦)2

Solution 1

Let 𝑓 be a function satisfying the stated condition. Let 𝑥, 𝑦 ∈ ℝ. Then 𝑓(𝑥) − 𝑓(𝑦) ≤ (𝑥 − 𝑦)2, and also 
𝑓(𝑦) − 𝑓(𝑥) ≤ (𝑦 − 𝑥)2 = (𝑥 − 𝑦)2. Hence, for any 𝑥, 𝑦 ∈ ℝ, the relation |𝑓(𝑥) − 𝑓(𝑦)| ≤ (𝑥 − 𝑦)2 holds.
It follows that 𝑓 is differentiable and its derivative is 0 everywhere, since for any 𝑥 ∈ ℝ:

lim
𝑦→𝑥

|𝑓(𝑥) − 𝑓(𝑦)
𝑥 − 𝑦

| ≤ lim
𝑦→𝑥

|𝑥 − 𝑦| = 0
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Therefore, every function 𝑓 that satisfies the given condition is constant. Viceversa, every constant 
function clearly satisfies the condition. 

Solution 2

Let 𝑓 be a function satisfying the stated condition. Observe that for any 𝑥, 𝑦 ∈ ℝ it holds that 
|𝑓(𝑥) − 𝑓(𝑦)| ≤ (𝑥 − 𝑦)2, since 𝑓(𝑥) − 𝑓(𝑦) ≤ (𝑥 − 𝑦)2 and 𝑓(𝑦) − 𝑓(𝑥) ≤ (𝑦 − 𝑥)2 = (𝑥 − 𝑦)2.

Let 𝑥, 𝑦 ∈ ℝ. Let 𝜀 > 0. Let 𝑛 ∈ ℕ such that 𝑛 > (𝑦−𝑥)2
𝜀 . Let 𝑥0,… , 𝑥𝑛 be a uniform partition of the 

interval between 𝑥 and 𝑦: 𝑥0 = 𝑥, and for each 𝑘 ∈ {1,… , 𝑛} 𝑥𝑘 = 𝑥𝑘−1 +
𝑦−𝑥
𝑛 . In particular, 𝑥𝑛 = 𝑦. 

Then:

|𝑓(𝑦) − 𝑓(𝑥)| ≤
𝑛
∑
𝑘=1

|𝑓(𝑥𝑘) − 𝑓(𝑥𝑘−1)| ≤
𝑛
∑
𝑘=1

(𝑥𝑘 − 𝑥𝑘−1)
2 = 𝑛 ⋅ (𝑦 − 𝑥

𝑛
)
2
= (𝑦 − 𝑥)2

𝑛
< 𝜀

So, for any 𝑥, 𝑦 ∈ ℝ and for any 𝜀 > 0 it holds that |𝑓(𝑦) − 𝑓(𝑥)| < 𝜀. Hence for any 𝑥, 𝑦 ∈ ℝ, 𝑓(𝑦) = 𝑓(𝑥). 
This means that 𝑓 is constant. Therefore, every function 𝑓 that satisfies the given condition is constant. 
Viceversa, every constant function clearly satisfies the condition. 

Problem 6.4

Find all functions 𝑓 ∶ ℝ → ℝ such that for any 𝑥 ∈ ℝ the following holds:

𝑓(𝑓(𝑥)) = 𝑥2 − 2

Solution

To do 

Problem 6.5

Let (𝑎𝑛)𝑛∈ℕ be a sequence in ℝ. If lim
𝑛→+∞

(𝑎𝑛+1 − 𝑎𝑛) = 0, then does lim
𝑛→+∞

𝑎𝑛 exist (finite or infinite)? 

Solution

To do 

Problem 6.6

Prove that:
1000
∑
𝑛=1

1
𝑛3 + 3𝑛2 + 2𝑛

< 1
4
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Solution

For each 𝑁 ∈ ℕ, using partial fraction decomposition:

𝑁
∑
𝑛=1

1
𝑛3 + 3𝑛2 + 2𝑛

=
𝑁
∑
𝑛=1

1
𝑛(𝑛 + 1)(𝑛 + 2)

= 1
2

𝑁
∑
𝑛=1

1
𝑛
− 2

𝑛 + 1
+ 1

𝑛 + 2
=

= 1
2

𝑁
∑
𝑛=1

1
𝑛

+ 1
2

𝑁+2

∑
𝑛=3

1
𝑛

−
𝑁+1

∑
𝑛=2

1
𝑛

=

= 1
2
+ 1

4
+ 1

2
⋅ 1
𝑁 + 1

+ 1
2
⋅ 1
𝑁 + 2

− 1
2
− 1

𝑁 + 1
+

𝑁
∑
𝑛=3

1
𝑛
− 1

𝑛
=

= 1
4
− 1

2
⋅ 1
𝑁 + 1

+ 1
2
⋅ 1
𝑁 + 2

+ 0 =

= 1
4
− 1

2(𝑁 + 1)(𝑁 + 2)
< 1

4

Problem 6.7

Prove that if 𝑎, 𝑏, 𝑐, 𝑑 ∈ ℝ are such that 𝑎2 + 4𝑏2 = 4  and 𝑐𝑑 = 4, then (𝑎 − 𝑑)2 + (𝑏 − 𝑐)2 ≥ 8
5
. 

Solution

To do 
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Plane Geometry

Problem 7.1

Let 𝐴𝐵𝐶 be a triangle, with 𝐴𝐵𝐶 = 80°. Let 𝑂 be a point inside 𝐴𝐵𝐶 such that 𝑂𝐴𝐶 = 10° and 
𝑂𝐶𝐴 = 30°.
Express the angle 𝐴𝐵𝑂 in terms of 𝑂𝐵

𝐴𝐶 . 

Solution

To do 

Problem 7.2

Prove that if the lengths of the angle bisectors of a triangle are all less than or equal to 1, then the area of 
the triangle is less than or equal to 

√
3
3 . 

Solution

To do 

Problem 7.3

Four circles on a plane are mutually tangent to each other. The points of tangency are all distinct. Three 
of the circles have collinear centers. Determine the distance between the center of fourth circle and the 
line through the centers of the others, in terms of the radius of the fourth circle.
(There are two cases: one for internal tangency and one for external tangency) 

Solution

To do 

Problem 7.4

Let 𝐴𝐵𝐶 be a triangle. Let 𝛾 be its circumcircle. Let 𝛼1, 𝛼2, 𝛼3 be circles such that 𝛼1 is tangent to 𝐵𝐶, 
to 𝐶𝐴, and to 𝛾 (internally); 𝛼2 is tangent to 𝐴𝐵, to 𝐶𝐴, and to 𝛾 (internally); 𝛼3 is tangent to 𝐴𝐵, to 
𝐵𝐶, and to 𝛾 (internally). Determine the radius of 𝛾, given the radii of 𝛼1, 𝛼2, 𝛼3.

Alernative formulation.

27



Three circles are each tangent to a (distinct) unordered pair of (distinct) sides of a triangle and to the 
circumcircle of the triangle (internally). Determine the radius of the circumcircle, given the radii of the 
three circles. 

Solution

To do 

Problem 7.5

Let 𝐴𝐵𝐶 be an equilateral triangle, and let 𝑂 be a point inside it. Show that the lengths 𝐴𝑂, 𝐵𝑂, 𝐶𝑂
can be the side lengths of a triangle, and determine the measures of the internal angles in such triangle, in 
terms of 𝐴𝑂𝐵 and 𝐵𝑂𝐶. 

Solution

To do 

Problem 7.6

Prove that a quadrilateral 𝐴𝐵𝐶𝐷 is a rhombus if and only if the triangles 𝐴𝑂𝐵, 𝐵𝑂𝐶, 𝐶𝑂𝐷, 𝐷𝑂𝐴 are 
isoperimetetric, where 𝑂 is the intersection of the diagonal lines 𝐴𝐶 and 𝐵𝐷. 

Solution

To do 

Problem 7.7

Given a triangle, let 𝑅 be the radius of its circumscribed circle, and 𝑟 the radius of its inscribed circle. 
Determine the distance 𝑠 between the centers of these two circles.

Determine the set of possible values of 𝑠 among all triangles that have a fixed circumradius 𝑅; when are 
the extremes achieved? 

Solution

To do 
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Problem 7.8

Given two intersecting lines 𝑟, 𝑠 on a plane, and a real number 𝑎 ≥ 0, find the locus of points 𝑃  of the 
plane such that d(𝑃, 𝑟) + d(𝑃, 𝑠) = 𝑎. 

Solution

It is (the boundary of) a rectangle, whose vertices are the two points on 𝑟 at distance 𝑎 from 𝑠, and the 
two points on 𝑠 at distance 𝑎 from 𝑟, and, in particular, the diagonals of the rectangle lie on the lines 𝑟
and 𝑠.

Those four points are clearly part of the locus, since they are at distance 0 from one line and at distance 𝑎
from the other.

Now to prove that it is a rectangle:

TODO

Now to prove that the sides are in the locus:

TODO

Now to prove that every point of the locus is on one of the sides of the rectangle: In fact, the interior of 
the rectangle is the set of points such that the sum of distances is < 𝑎; and its exterior is the set of points 
such that the sum of distances is > 𝑎.

Prove that the points in the interior of the rectangle have < 𝑎:

TODO

Prove that the points outside have > 𝑎:

TODO 

Problem 7.9

Prove that the area of a quadrilateral with side lengths 𝑎, 𝑏, 𝑐, 𝑑 which admits both inscribed and 
circumscribed circles is 

√
𝑎𝑏𝑐𝑑. 

Solution

To do 

Problem 7.10

Determine the shortest networks that connect the four vertices of a square to each other. 
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Solution

To do 

Problem 7.11

Let 𝑈 = {𝐴,𝐵,𝐶} be a partition of ℝ2. Prove that for any 𝑎 ∈ ℝ+ there exists 𝑆 ∈ 𝑈  such that there 
exist 𝑝, 𝑞 ∈ 𝑆 with d(𝑝, 𝑞) = 𝑎. 

Solution

To do 

Problem 7.12

Prove that in a cyclic quadrilateral, the perpendiculars to each side passing through the midpoint of the 
opposite side are concurrent. 

Solution

To do 

Problem 7.13

Determine the quadrilateral with the largest area, given the lengths of its four sides, in order. 

Solution

To do 

Problem 7.14

Let 𝐴𝐵 be a chord in a circle, and let 𝑀  be its midpoint. Let 𝐶𝐷 and 𝐸𝐹  be two other chords in the 
circle that pass through the point 𝑀 , with 𝐶 and 𝐹  on opposite sides of 𝐴𝐵. Prove that 𝐶𝐹  intersects 
𝐴𝐵 at a point 𝑃 , and 𝐸𝐷 intersects 𝐴𝐵 at a point 𝑄, on opposite sides of 𝑀 , such that 𝑀𝑃 ≅ 𝑀𝑄. 

Solution

To do 
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Problem 7.15

Given a triangle, determine a line that halves both its area and its perimeter. 

Solution

To do 

Problem 7.16

Let 𝐴𝐵𝐶𝐷 be a trapezoid with bases 𝐴𝐵 and 𝐶𝐷. Given a point 𝑃 ∈ 𝐴𝐵, determine two points 
𝑄1, 𝑄2 ∈ 𝐶𝐷 that, respectively, maximize the area of the quadrilateral intersection of the triangles 𝐴𝐵𝑄1

and 𝐶𝐷𝑃 , and minimize the area of the quadrilateral intersection of the triangles 𝐴𝐵𝑄2 and 𝐶𝐷𝑃 . 

Solution

To do 

Problem 7.17

Let 𝑎, 𝑏, 𝑐 be the side lengths of a triangle, and let 𝛼, 𝛽, 𝛾 be the measures of their opposite angles, 
respectively. Prove that:

𝑏 + 𝑐 − 2𝑎
sin(𝛼2 )

+ 𝑐 + 𝑎 − 2𝑏
sin(𝛽

2)
+ 𝑎 + 𝑏 − 2𝑐

sin(𝛾2 )
≥ 0

Solution

To do 

Problem 7.18

Let 𝛼, 𝛽, 𝛾 be the measures of the internal angles of a triangle. Prove that:

√sin(𝛼) +√sin(𝛽) +√sin(𝛾) ≤ 9√
10

Solution

To do 
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Problem 7.19

Let 𝑎, 𝑏, 𝑐 be the side lengths of a triangle, and let 𝛼, 𝛽, 𝛾 be the measures of their opposite angles, 
respectively. Prove that:

𝜋
3
≤ 𝑎 ⋅ 𝛼 + 𝑏 ⋅ 𝛽 + 𝑐 ⋅ 𝛾

𝑎 + 𝑏 + 𝑐
≤ 𝜋

2

Solution

To do 

Problem 7.20

Let 𝑃  be a point in an equilateral (or regular?) hexagon of side length 1. Prove that the sum of the 
distances between 𝑃  and the vertices of the hexagon is less than or equal to 4 + 2

√
3. 

Solution

To do 

Problem 7.21

A circle is given on a plane. Given two points on the plane, outside the circle, construct a circle that 
passes through those two points and is tangent to the first circle.
(Is the problem asking for a straightedge and compass construction?) 

Solution

Consider a coordinate system with the two given points lying on the horizontal axis at coordinates 
𝐴 ∶ (−𝑎, 0) and 𝐵 ∶ (𝑎, 0), for some 𝑎 ≠ 0. Let 𝐶 ∶ (𝑏, 𝑐) be the center of the given circle, and let 𝑠 > 0 be 
the radius.
The wanted circle passes through 𝐴 and 𝐵, so its center must lie on the perpendicular bisector of the two 
points, which is the vertical axis; so it has coordinates 𝑃 ∶ (0, 𝑑), for some 𝑑 ∈ ℝ. Let 𝑟 be its radius. 
The tangency condition between the two circles is equivalent to d(𝑃,𝐶) = 𝑟 + 𝑠 (for external tangency) 
or d(𝑃,𝐶) = 𝑟 − 𝑠 (when the first circle is internally tangent to the wanted circle) or d(𝑃,𝐶) = 𝑠 − 𝑟
(when the wanted circle is internally tangent to the first circle). All in all, the tangency conditions can be 
summarised as d(𝑃,𝐶)2 = (𝑟 ± 𝑠)2. Together with the condition 𝑟 = d(𝑃,𝐴) = d(𝑃,𝐵), this yields the 
following system of equations, in the unknowns 𝑑 and 𝑟:

{


𝑟2 = 𝑎2 + 𝑑2

𝑟2 + 𝑠2 ± 2𝑟𝑠 = 𝑏2 + (𝑐 − 𝑑)2
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Substituting 𝑎2 + 𝑑2 for 𝑟2 in the second equation, and canceling the term 𝑑2 yields:

𝑎2 + 𝑠2 ± 2𝑟𝑠 = 𝑏2 + 𝑐2 − 2𝑐𝑑

So:
∓𝑟 = 𝑐

𝑠
𝑑 + 1

2𝑠
(𝑎2 − 𝑏2 − 𝑐2 + 𝑠2)

Substituting in the first equation yields a quadratic equation in 𝑑:

(𝑐2 − 𝑠2)𝑑2 + 𝑐(𝑎2 − 𝑏2 − 𝑐2 + 𝑠2)𝑑 + 1
4
(𝑎2 − 𝑏2 − 𝑐2 + 𝑠2)2 − 𝑎2𝑠2 = 0

If 𝑐2 = 𝑠2, the equation is actually linear:

𝑐(𝑎2 − 𝑏2)𝑑 + 1
4
(𝑎2 − 𝑏2)2 − 𝑎2𝑠2 = 0

Note that 𝑎2 − 𝑏2 cannot be 0, since it would imply 𝑎 = 0 or 𝑠 = 0. Also, 𝑐 ≠ 0, since 𝑐2 = 𝑠2 ≠ 0. The 
solution in this case is then:

𝑑 =
𝑎2𝑠2 − 1

4(𝑎
2 − 𝑏2)2

𝑐(𝑎2 − 𝑏2)
= 𝑎2𝑐

𝑎2 − 𝑏2
− 𝑎2 − 𝑏2

4𝑐

Observe that 𝑐2 = 𝑠2 if and only if the line 𝐴𝐵 is tangent to the first circle. In this case, the line 𝐴𝐵 can 
be considered a degenerate second solution circle.

In the case 𝑐2 ≠ 𝑠2, the solutions are:

𝑑 =
−𝑐 (𝑎2 − 𝑏2 − 𝑐2 + 𝑠2) ±√𝑐2(𝑎2 − 𝑏2 − 𝑐2 + 𝑠2)2 − (𝑐2 − 𝑠2)(𝑎2 − 𝑏2 − 𝑐2 + 𝑠2)2 + 4(𝑐2 − 𝑠2)𝑎2𝑠2

2(𝑐2 − 𝑠2)

=
−𝑐 (𝑎2 − 𝑏2 − 𝑐2 + 𝑠2) ± 𝑠√(𝑎2 − 𝑏2 − 𝑐2 + 𝑠2)2 + 4𝑎2𝑐2 − 4𝑎2𝑠2

2(𝑐2 − 𝑠2)
=

=
−𝑐 (𝑎2 − 𝑏2 − 𝑐2 + 𝑠2) ± 𝑠√(𝑎2 + 𝑏2 + 𝑐2 − 𝑠2)2 − 4𝑎2𝑏2

2(𝑐2 − 𝑠2)
=

=
−𝑐 (𝑎2 − 𝑏2 − 𝑐2 + 𝑠2) ± 𝑠√((𝑎 + 𝑏)2 + 𝑐2 − 𝑠2)((𝑎 − 𝑏)2 + 𝑐2 − 𝑠2)

2(𝑐2 − 𝑠2)
=

=
−𝑐 (𝑎2 − 𝑏2 − 𝑐2 + 𝑠2) ± 𝑠√(d(𝐴,𝐶)2 − 𝑠2)(d(𝐵,𝐶)2 − 𝑠2)

2(𝑐2 − 𝑠2)

Observe that ((𝑎 + 𝑏)2 + 𝑐2 − 𝑠2)((𝑎 − 𝑏)2 + 𝑐2 − 𝑠2) is positive, since 𝐴 and 𝐵 are both outside the first 
circle.
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In the general case, there are two circles that satisfy the stated conditions, and they are each uniquely 
determined by the coordinate 𝑑.

If the problem asks to perform the construction with only straightedge and compass, then it can be achieved 
by solving the quadratic equation for 𝑑 geometrically, via, for example, the Carlyle circle construction, 
since all coefficients are constructible. Alternatively, the construction can be carried out by following the 
formula for 𝑑, since it only involves operations that can be performed with straightedge and compass. 
Note that it can be assumed that, for example, 𝑠 = 1, since everything is scale-invariant.

In the case 𝑠2 = 𝑐2, the construction can also be performed with straightedge and compass, since the 
formula for 𝑑 involves constructible operations only. 

Problem 7.22

Prove that if a triangle and a square are circumscribed about the same circle, then the portion of the 
square contained inside the triangle makes up more than half of the perimeter of the square.
(Note that the triangle is generic: it is not necessarily equilateral). 

Solution

To do 

Problem 7.23

Let 𝐴𝐵𝐶 be a triangle. Let 𝑀  be the midpoint of 𝐴𝐶. Let 𝐶𝐿 be the angle bisector of 𝐵𝐶𝐴, with 
𝐿 ∈ 𝐴𝐵. Let 𝑃  be the intersection point of 𝐶𝐿 and 𝐵𝑀 . Prove that 𝐶𝑃

𝑃𝐿 − 𝐴𝐶
𝐶𝐵 = 1. 

Solution

To do 

Problem 7.24

How many unordered pairs of triangles have as union a given quadrilateral? 

Solution

To do 

34



Problem 7.25

𝑛 segments are given on the plane. Prove that the number of triangles whose sides are among those 
segments is O(𝑛3/2). 

Solution

To do 

Problem 7.26

Prove that any convex polygon of area 1 contains a triangle of area 1
4
. 

Solution

Let 𝑑 be the maximum distance between any two vertices of the polygon, and let 𝐴 and 𝐵 be two vertices 
at distance 𝑑. The vertices of the polygon, and therefore also the polygon itself, are contained in the strip 
delimited by the two lines perpendicular to 𝐴𝐵 that pass, respectively, through 𝐴 and through 𝐵. This is 
because any point outside of that region has distance to 𝐴 or to 𝐵 greater than 𝑑.

Let 𝐶 be a vertex of the polygon at maximal distance to the line 𝐴𝐵, and let 𝑟 be that distance. The 
vertices of the polygon, and therefore also the polygon itself, are contained in the strip delimited by the 
two lines parallel to 𝐴𝐵 at distance 𝑟 from the line 𝐴𝐵. This is because any point outside of that region 
has distance to 𝐴𝐵 greater than 𝑟.

Therefore, the polygon is contained in the intersection of the two strips, which is a rectangle of side lengths 
𝑑 and 2𝑟.

The triangle 𝐴𝐵𝐶 is contained in the polygon (by convexity), and has area 12𝑟𝑑. The polygon has area 
less than or equal to 2𝑟𝑑 (the area of the rectangle containing it). Hence, the triangle’s area is at least one 
fourth of the polygon’s area. 

Problem 7.27

Let 𝐴𝐵𝐶𝐷𝐸 be a convex pentagon. The triangles 𝐴𝐵𝐶, 𝐵𝐶𝐷, 𝐶𝐷𝐸, 𝐷𝐸𝐴, 𝐸𝐴𝐵 all have area 1. 
Determine the area of the pentagon. 

Solution

To do 
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Solid Geometry

Problem 8.1

Prove that if a sphere is tangent to all the edges of a three-dimensional quadrilateral, then the points of 
tangency are coplanar. 

Solution

To do 

Problem 8.2

Show that if in a tetrahedron the sums of lengths of opposite edges are all equal, then the sums of opposite 
dihedral angles are all equal. 

Solution

To do 

Problem 8.3

Find an equivalent condition for the bisectors of two trihedral angles of a tetrahedron to intersect.
(Note: a bisector of a trihedral angle is the locus of points that are equidistant from its three line edges.) 

Solution

To do 

Problem 8.4

Determine the tetrahedrons of a given volume that maximise the radius of their inscribed sphere. 

Solution

To do 
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Problem 8.5

Let ℎ1, ℎ2, ℎ3, ℎ4 be the lengths of the altitudes of a tetrahedron. Let 𝑂 be an interior point of the 
tetrahedron. Let 𝑑1, 𝑑2, 𝑑3, 𝑑4 be the distances between 𝑂 and the planes containing the faces of the 
tetrahedron. Show that ℎ4

1 + ℎ4
2 + ℎ4

3 + ℎ4
4 ≥ 210𝑑1𝑑2𝑑3𝑑4. 

Solution

To do 

Problem 8.6

Prove that the heights of a tetrahedron are concurrent if and only if one of the heights has its base in the 
orthocenter of the corresponding face. 

Solution

To do 

Problem 8.7

Prove that in any tetrahedron, the circumradius 𝑅 and the inradius 𝑟 are such that 𝑅 ≥ 3𝑟. 

Solution

To do 

Problem 8.8

Given a tetrahedron of unit volume, and one point on each of its sides, cut off corners from each vertex 
using the given points on the sides exiting that vertex. Prove that at least one of the cutoff parts has 
volume less than or equal to 18 . 

Solution

To do 

Problem 8.9

Let 𝐴𝐵𝐶𝐷 be a tetrahedron such that 𝐴𝐵𝐶 is equilateral and 𝐵𝐴𝐷 ≅ 𝐴𝐶𝐷 ≅ 𝐵𝐶𝐷. Prove that 𝐴𝐵𝐶𝐷
is a regular pyramid on the base 𝐴𝐵𝐶; that is: prove that 𝐴𝐷 ≅ 𝐵𝐷 ≅ 𝐶𝐷. 
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Solution

To do 

Problem 8.10

Prove that if the faces of a tetrahedron all have the same area, then they are congruent. 

Solution

To do 

Problem 8.11

Let 𝐴𝐵𝐶𝐷 be a tetrahedron. Let 𝑂 be a point on the face 𝐴𝐵𝐶. Prove that:

1
2
(𝐴𝐷𝐵 +𝐵𝐷𝐶 +𝐶𝐷𝐴) < 𝑂𝐷𝐴+𝑂𝐷𝐵 +𝑂𝐷𝐶 < 𝐴𝐷𝐵 +𝐵𝐷𝐶 +𝐶𝐷𝐴

Solution

To do 

Problem 8.12

Prove that the sum of the measures of all dihedral angles of a tetrahedron is greater than 2𝜋 and less than 
3𝜋, and that for any value in that range there exists a tetrahedron that achieves it. 

Solution

To do 

Problem 8.13

If a tetrahedron is contained inside another tetrahedron, then is the sum of the lengths of the sides of the 
inner one less than that of the outer one? Is the sum of the areas of the faces of the inner tetrahedron less 
than that of the outer one? 

Solution

To do 
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Problem 8.14

A regular tetrahedron 𝐴𝐵𝐶𝐷 with side length 𝑎 has its vertices on the surface of a double-cone whose 
vertex angle is 𝜋2 . The side 𝐴𝐵 lies on a generator of the cone. Determine the distance from the vertex of 
the cone to the line 𝐶𝐷. 

Solution

To do 

Problem 8.15

Can a cube be inside a half-cone, with 7 vertices on the surface of the cone? 

Solution

To do 

Problem 8.16

Determine the distance between a circle inscribed in a face of a cube and a circle circumscribed about an 
adjacent face of the cube. 

Solution

To do 

Problem 8.17

Prove that if all the faces of a convex polyhedron are triangles, then there is an edge such that the angles 
that it forms with its adjacent co-facial edges are all acute. 

Solution

To do 

Problem 8.18

Prove that an irregular octahedron is completely contained in the union of the balls that have its edges as 
diameters. 
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Solution

To do 

Problem 8.19

Determine whether it is possible for a planar section of a rectangular parallelepiped to be an equilateral 
(or regular?) pentagon. 

Solution

To do 

Problem 8.20

Determine whether for any trihedral angle there exists a plane that intersects it in an equilateral triangle. 

Solution

To do 

Problem 8.21

Prove that there exists a convex polyhedron of volume 1 that does not contain a tetrahedron of volume 1
8
.

Prove that any convex polyhedron of volume 1 contains a tetrahedron of volume 1
27

. Try to improve the 
estimate to a larger constant. 

Solution

Consider a sphere of radius 𝑟. Its volume is 43𝜋𝑟
3. The regular tetrahedron inscribed in the sphere has 

side length 𝑎 = 2
3
√
6𝑟, and thus its volume is 

√
2

12 𝑎
3 = 8

27
√
3𝑟3. The ratio of the volume of the tetrahedron 

to the volume of the sphere is 2
√
3

9𝜋 < 1
8 .

Thus, if the inscribed regular tetrahedron is the tetrahedron of highest volume contained in a sphere, 
then a ratio of volumes greater than or equal to 18  cannot be achieved, for a sphere. Then, considering a 
polyhedron contained in the sphere that sufficiently approximates the sphere, the same can be said for 
that polyhedron.

TODO: show that 2
√
3

9𝜋 < 1
8 ; show that the inscribed regular tetrahedron is the tetrahedron of highest 

volume contained in a sphere; show rigorously that the fact still holds for a “sufficiently spherical” 
polyhedron.
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Now for the second part of the problem.

Let 𝑑 be the maximum distance between any two vertices of the polyhedron, and let 𝐴 and 𝐵 be two 
vertices at distance 𝑑. The vertices of the polyhedron, and therefore also the polyhedron itself, are 
contained between the two planes orthogonal to 𝐴𝐵 that pass, respectively, through 𝐴 and through 𝐵. 
This is because any point outside of that region has distance to 𝐴 or to 𝐵 greater than 𝑑.

Let 𝐶 be a vertex of the polyhedron at maximal distance to the line 𝐴𝐵, and let 𝑟 be that distance. Let 𝛼
be the plane on which 𝐴, 𝐵 and 𝐶 lie. The vertices of the polyhedron, and therefore also the polyhedron 
itself, are contained between the two planes at distance 𝑟 from the line 𝐴𝐵 that are perpendicular to 𝛼
and to the previous pair of planes. This is because any point outside of that region has distance to 𝐴𝐵
greater than 𝑟.

Let 𝐷 be a vertex of the polyhedron at maximal distance to the plane 𝛼, and let 𝑠 be that distance. The 
vertices of the polyhedron, and therefore also the polyhedron itself, are contained between the two planes 
parallel to 𝛼 at distance 𝑠 from 𝛼. This is because any point outside of that region has distance to 𝛼
greater than 𝑠.

Therefore, the polyhedron is contained in the intersection of the three regions, which is a rectangular 
parallelepiped of side lengths 𝑑, 2𝑟 and 2𝑠.

The tetrahedron 𝐴𝐵𝐶𝐷 is contained in the polyhedron (by convexity), and has volume 1
6𝑟𝑠𝑑. The 

polyhedron has volume less than or equal to 4𝑟𝑠𝑑 (the volume of the parallelepiped containing it). Hence, 
the tetrahedron’s volume is at least 1

24  times the polyhedron’s volume.

(This greedy argument suggests that in dimension 𝑛, the fraction is at least 1
𝑛!⋅2𝑛−1 ). 
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Geometric constructions

Problem 9.1

Let 𝐴𝐵𝐶 be a triangle. Using only straightedge and compass, construct a point 𝑃 ∈ 𝐴𝐵 and a point 
𝑄 ∈ 𝐵𝐶 such that 𝐴𝑃 ≅ 𝑃𝑄 ≅ 𝑄𝐶. 

Solution

To do 

Problem 9.2

Using only straightedge and compass, construct a quadrilateral, given its angles, in order, and its diagonals, 
in order. 

Solution

To do 

Problem 9.3

Using only straightedge and compass, reconstruct a quadrilateral, given segments congruent to its four 
sides, in order, and a segment congruent to the segment between the midpoints of the first and third 
sides. 

Solution

To do 

Problem 9.4

Given a point and an angle on a plane, construct, using only straightedge and compass, a line through the 
point that cuts the angle into a triangle of minimum perimeter.
Additionally, given also a segment, construct a line through the point that cuts the angle into a triangle 
whose perimeter is the length of the segment. 

Solution

To do 
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Problem 9.5

Given a circle and one of its diameters, and given a point on the plane that does not lie on the circle nor 
on the line containing the diameter, construct, using only a straightedge, the perpendicular from the given 
point to the given diameter. 

Solution

To do 

Problem 9.6

Given a circle and one of its diameters, and given a point on the circle, distinct from the endpoints of 
the diameter, construct, using only a straightedge, the perpendicular from the given point to the given 
diameter. 

Solution

To do 

Problem 9.7

Given a segment and a positive integer 𝑛, divide the segment into 𝑛 parts of equal lengths, using only a 
compass. 

Solution

To do 

Problem 9.8

Given two parallel segments and a positive integer 𝑛, divide one of the segments into 𝑛 parts of equal 
lengths, using only a straightedge. 

Solution

To do 
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Problem 9.9

Given two segments on the plane, of lengths 𝑎 and 𝑏, construct, using only straightedge and compass, a 
segment of length 𝑐 such that:

4
√
𝑐 = 4

√
𝑎 + 4

√
𝑏

Note: a segment of length 1 is not given. 

Solution

Recall that given two segments, of lengths 𝑟 and 𝑠, a segment whose length is the geometric mean of 𝑟
and 𝑠 can be constructed with compass and straightedge, via the semicircle construction (which does not 
require a segment of length 1).
Hence it is possible to construct a segment of length 

√
𝑎𝑏, and then also segments of lengths √𝑎

√
𝑎𝑏 = 4

√
𝑎3𝑏

and √𝑏
√
𝑎𝑏 = 4

√
𝑎𝑏3. Finally, a segment of the required length 𝑐 can be constructed by combining the 

previous segments, since:

𝑐 = ( 4
√
𝑎 + 4

√
𝑏 )

4
= 𝑎 + 4 4

√
𝑎3𝑏 + 6

√
𝑎𝑏 + 4 4

√
𝑎𝑏3 + 𝑏

Problem 9.10

Reconstruct a square given one point from each side, using only straightedge and compass. 

Solution

To do 

Problem 9.11

Using only straightedge and compass, construct the directrix and focus of a given parabola. 

Solution

To do 

Problem 9.12

Using only straightedge and compass, find the diameter of a given sphere. 
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Solution

To do 
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Other

Problem 10.1

Let 𝑅,𝑆, 𝑇  be sets, with #(𝑅) ≥ 2, #(𝑆) ≥ 2, and #(𝑇) ≥ 3. Let 𝑓 ∶ 𝑅 × 𝑆 → 𝑇  be such that 
#(im(𝑓)) ≥ 3. The elements 𝑎 ∈ 𝑅 and 𝑏 ∈ 𝑆 are such that the functions 𝑆 → 𝑇 ∶ 𝑦 ↦ 𝑓(𝑎, 𝑦) and 
𝑅 → 𝑇 ∶ 𝑥 ↦ 𝑓(𝑥, 𝑏) are not constant.
Prove that there exist 𝑝, 𝑟 ∈ 𝑅 and 𝑞, 𝑠 ∈ 𝑆 such that 𝑓(𝑝, 𝑞), 𝑓(𝑟, 𝑞), 𝑓(𝑝, 𝑠) are all distinct. 

Solution

Since the function 𝑆 → 𝑇 ∶ 𝑦 ↦ 𝑓(𝑎, 𝑦) is not constant, there exists 𝑐 ∈ 𝑆 such that 𝑓(𝑎, 𝑐) ≠ 𝑓(𝑎, 𝑏). And 
since the function 𝑅 → 𝑇 ∶ 𝑥 ↦ 𝑓(𝑥, 𝑏) is not constant, there exists 𝑑 ∈ 𝑅 such that 𝑓(𝑑, 𝑏) ≠ 𝑓(𝑎, 𝑏).

Now, if 𝑐 and 𝑑 can be chosen in such a way that 𝑓(𝑏, 𝑑) ≠ 𝑓(𝑎, 𝑐), then 𝑝 = 𝑎, 𝑞 = 𝑏, 𝑟 = 𝑑, 𝑠 = 𝑡 satisfy 
the requirements.
Otherwise, it means that for every (𝑥, 𝑦) ∈ 𝑅 × 𝑆 −{(𝑎, 𝑏)} 𝑓(𝑥, 𝑏) = 𝑓(𝑎, 𝑦) = 𝑣 (for some 𝑣 ∈ 𝑇 ). Since 
#(im(𝑓)) ≥ 3, there exists (𝑟, 𝑞) ∈ 𝑅 × 𝑆 such that 𝑓(𝑟, 𝑞), 𝑣, and 𝑓(𝑎, 𝑏) are all distinct. Necessarily, 
then, 𝑟 ≠ 𝑎 and 𝑞 ≠ 𝑏. Now, the requirements are satisfied by taking (𝑝, 𝑠) = (𝑎, 𝑏). 

Problem 10.2

Let 𝑓 ∶ ℝ → ℝ be a function, with 𝑓(0) = 0, 𝑓(1) = 1, 𝑓(88) =
√
2. Prove that there exist 𝑥, 𝑦 ∈ ℝ with 

|𝑥 − 𝑦| ≤ 4 such that 𝑓(𝑥 + 1) > 𝑓(𝑥) and 𝑓(𝑦 + 2𝑛) ≠ 𝑓(𝑦) for some 𝑛 ∈ ℕ. 

Solution

To do 
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