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 Introduction   



This document presents a collection of mathematical problems known as coffin problems: they are challenging
problems that in the 1960s, 1970s, and 1980s were given at some Soviet universities’ admission exams with the
goal of preventing the enrolment of students who were considered ‘undesirable’, category which mainly
included people of Jewish origin. Such students were administered these problems at their oral
examinations.

 
Solutions to the problems are provided in the second part of the document.

 
The problems are categorised based on topic: each section lists problems that fall under a particular
category.

 
The references from which the problems were sourced are listed at the end of the document.
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 Evaluations   






 Problem 1.1 

Let   a1,…,an ∈ ℂ be an arithmetic
progression, with  cos⁡(ai)≠0
for all  1 ≤ i ≤ n.
Evaluate the sum: 
 
	
 
                                                   ∑
  i=1n−1            1
cos⁡(ai) cos⁡(ai+1)






                                                                                       
                                                                                       

 Problem 1.2 

Find  sin⁡(1∘).




 

 Problem 1.3 

Evaluate  tan⁡(1
7π)⋅tan⁡(3
7π)⋅tan⁡(5
7π).




 

 Problem 1.4 

Determine the number of digits of  125100
in base  10.


 


                                                                                       
                                                                                       
                                                                                       
                                                                                       

 



 




 Comparisons   






 Problem 2.1 

Determine which among   log⁡2(3)
and  log⁡3(5) is
largest.




 

 Problem 2.2 

Determine which among  ∏ ⁡
  n=240log⁡
3(2n)
and  2∏ ⁡
  n=240log⁡
3(2n − 1) is
largest.



                                                                                       
                                                                                       

 

 Problem 2.3 

Determine which among   8
27π
and  sin⁡(8
7) is
largest.




 

 Problem 2.4 

Determine which among  4133
and  6 + 33 is
largest.




 

 Problem 2.5 

Prove that: 
 
	
 
                                                   3 + 333 + 3 −333 /mo> 233


                                                                                       
                                                                                       



 Problem 2.6 

Prove that: 
 
	
 
     3 + 32 sin⁡  2   (15∘ ) + cos⁡(22∘) + cos⁡(70∘) + cos⁡(88∘) + 22sin⁡(15∘) /mo> 3 
2(cos⁡(11∘) + cos⁡(35∘) + cos⁡(44∘))2



                                                                                       
                                                                                       
                                                                                       
                                                                                       

 



 
 







 Equations   






 Problem 3.1 

For   a ∈ ℝ, find all
real numbers  x ≥−a
that satisfy: 
 
	
 
                                                        a +  a + x = x






                                                                                       
                                                                                       

 Problem 3.2 

Find all  x ∈ ℝ
that satisfy: 
 
	
 
                                                        22x − 13 = x3 + 1







 Problem 3.3 

Let  a ∈ ℝ+. Find
all  x ∈ ℝ+ that
satisfy: 
 
	
 
                                                               xxa
    = a






                                                                                       
                                                                                       

 Problem 3.4 

Find all  x ∈ ℝ (or
 ℂ?) that
satisfy: 
 
	
 
                                           x4 − 14x3 + 66x2 − 115x + 66 + 1 
4 = 0







 Problem 3.5 

Find all  x,y ∈ ℝ
that satisfy:

 

                                   {  y ⋅(x + y)2 = 9 
  y ⋅(x3 − y3) = 7
                                                                                                                                                                                                               



                                                                                       
                                                                                       


 Problem 3.6 

For each  n ∈ ℕ, determine
the set  Mn of pairs 
(a,b) ∈ ℝ2 such that the
equation  x2 − a = |x − b|
has exactly  n
solutions in  ℝ.

 
Describe the plot of each set  Mn
in  ℝ2.




 

 Problem 3.7 

Investigate the following equation, for  x ∈ ℝ,
parametrised by  a ∈ ℝ:

 
	
 
                                                       4x + 2 = 2xasin⁡(πx)





                                                                                       
                                                                                       
 Problem 3.8 

Find all  x ∈ ℝ
that satisfy: 
 
	
 
                                            sin⁡7(x) +     1 
sin⁡3(x) = cos⁡7(x) +     1 
cos⁡3(x)




 Problem 3.9 

Find all  x ∈ ℝ
that satisfy: 
 
	
 
                                                   sin⁡11 
 7  (x) + cos⁡19 
11  (x) = 19
 7




                                                                                       
                                                                                       
 Problem 3.10 

Find all  x ∈ ℝ
that satisfy: 
 
	
 
                                                     (1 − 1 
8cos⁡2(x))8 = sin⁡2(x)





 Problem 3.11 

Find all  x ∈(0,π)
that satisfy: 
 
	
 
                                                        cot⁡(x) = sin⁡(x + π 
4 )




                                                                                       
                                                                                       
 Problem 3.12 

Find all  x ∈ ℝ
that satisfy: 
 
	
 
                            sin⁡3(x)cos⁡(x
2 ) + 1 
2sin⁡(x)sin⁡(x
2 )(1 + 2cos⁡(x
2 )) − 6sin⁡2(x
2 ) − 1 = 0




 Problem 3.13 

Find all  x ∈ ℝ+
that satisfy: 
 
	
 
                                                             1 
16x = log⁡ 1 
16  (x)




                                                                                       
                                                                                       
                                                                                       
                                                                                       

 



 

 














 Inequations   






 Problem 4.1 

Find all   x ∈[−1,1 ]
that satisfy: 
 
	
 
                                      x ⋅(81 − x + 1 + x) ≤ 111 + x − 161 − x





                                                                                       
                                                                                       
 Problem 4.2 

Find all  a ∈ ℝ such
that for any  x ∈ ℝ+
the following holds: 
 
	
 
                                                        ax2 + 2x /mo> 3a − 1





 Problem 4.3 

Find all  x ∈ ℝ
that satisfy: 
 
	
 
                                                     2sin⁡(x) + 2cos⁡(x) ≥ 21− 1 
2 






                                                                                       
                                                                                       
 Problem 4.4 

Show that for all  x ∈(0, π 
2 )
the following holds: 
 
	
 
                                                         1 
sin⁡2(x) /mo>  1 
x2 + 1 − 4 
π2





 Problem 4.5 

Show that for all  x ∈(0, π 
2 ]
the following holds: 
 
	
 
                                                          sin⁡3(x) 
   x3     /mo> cos⁡(x)




                                                                                       
                                                                                       
 Problem 4.6 

Find all  (x,y) ∈(−3,3) × ℝ
that satisfy: 
 

	
 
                                                     3y log⁡
3(9 − x2) ≤ 1 + 32y




                                                                                       
                                                                                       
                                                                                       
                                                                                       

 



 

 









 Algebra and Number Theory   






 Problem 5.1 

Prove that the set   {n + m2 |n,m ∈ ℤ}
is dense in  ℝ.




 

 Problem 5.2 

For each  a ∈ ℕ, let 
P ⁡ (a) be the set of
prime divisors of  a.
Let: 
 
	
                                                                                       
                                                                                       
 
                                 S = {(a,b) ∈ ℕ2 | a≠b,P ⁡ (a) = P ⁡ (b),P ⁡ (a + 1) = P ⁡ (b + 1)}

Determine whether  S
is finite or infinite.




 

 Problem 5.3 

For each  i ∈ ℤ+,
let  pi be the 
i-th prime number.
Prove that for every  n ∈ ℤ+:

 
	
 
                                                          ∏
  i=1np
i /mo> 4pn
   





                                                                                       
                                                                                       
 Problem 5.4 

Prove that  sin⁡(10∘)
is irrational.




 

 Problem 5.5 

Do there exist irrational numbers  a,b ∈ ℝ+
such that  ab is
rational? 
Do there exist irrational numbers  a,b ∈ ℝ+
such that  ab is
irrational?




 

 Problem 5.6 

The digit expansion of a number  a ∈(0,1)
has  0 as first digit,
then for every  n ∈ ℕ,
the digits  (2n + 1)-th to 
2n+1-th are the opposite
of the digits  1-st to 
2n-th, respectively, where
the opposite of the digit  1
is the digit  0, and
viceversa. Prove that  a
is irrational.

                                                                                       
                                                                                       



 

 Problem 5.7 

Does there exist a (non-degenerate) equilateral triangle in 
ℝ2
whose vertices are rational points? (That is, whose vertices are in 
ℚ2).




 

 Problem 5.8 

Does there exist a point inside a square of side length 
1, such
that its distances to the four vertices of the square are all rational?




 

 Problem 5.9 

Does there exist a set  S ⊆ ℝ2
of six points, no three of which are collinear, and such that for every 
p,q ∈ S the distance
 d ⁡ (p,q) is
integer?


                                                                                       
                                                                                       


 

 Problem 5.10 

Determine all pairs of positive integers  (a,b)
such that  ab = ba.




 

 Problem 5.11 

Do there exist infinitely many pairs  (a,b) ∈ ℕ2
such that  a2 + (a + 1)2 = b2
?




 

 Problem 5.12 

Determine all  a,b,c,d ∈ ℚ
such that 
 
	
                                                                                       
                                                                                       
 
                                              (a + b2)2 + (c + d2)2 = 5 + 42






 Problem 5.13 

Rationalise the denominator in the following fraction: 
 
	
 
                                                                   1 
a3 + b3 + c3





                                                                                       
                                                                                       
                                                                                       
                                                                                       

 



 

 






 Analysis   






 Problem 6.1 

Let   f : ℝ → ℝ be a monotonically
increasing function. Let  a,b ∈ ℝ
with  a /mo> b. Determine
which points  c ∈(a,b)
minimize the value: 
 
	
 
                                             ∫
 acf(x) − f(a)dx + ∫ 
cbf(b) − f(x)dx




                                                                                       
                                                                                       
 Problem 6.2 

Let  f : [0,1 ] → ℝ+ be a continuous
function. Let  a,b ∈ ℝ+
such that  a ≤ f ≤ b.
Prove that: 
 
	
 
                                             𝑎𝑏∫
 01  1
f(x)dx ≤a + b −∫
 01f(x)dx





 Problem 6.3 

Find all functions  f : ℝ → ℝ
such that for any  x,y ∈ ℝ
the following holds: 
 
	
 
                                                        f(x) − f(y) ≤(x − y)2


                                                                                       
                                                                                       


 Problem 6.4 

Find all functions  f : ℝ → ℝ
such that for any  x ∈ ℝ
the following holds: 
 
	
 
                                                           f(f(x)) = x2 − 2





 Problem 6.5 

Let  (an)n∈ℕ  be
a sequence in  ℝ.
If  lim ⁡  n→+∞(an+1 − an) = 0, then
does  lim ⁡  n→+∞an
exist (finite or infinite)?



                                                                                       
                                                                                       

 

 Problem 6.6 

Prove that: 
 
	
 
                                                ∑
  n=11000           1
n3 + 3n2 + 2n 1
4




 Problem 6.7 

Prove that if  a,b,c,d ∈ ℝ
are such that  a2 + 4b2 = 4
and  𝑐𝑑 = 4,
then  (a − d)2 + (b − c)2 ≥8
5.


 

                                                                                       
                                                                                       
                                                                                       
                                                                                       

 



 

 










 Plane Geometry   






 Problem 7.1 

Let   𝐴𝐵𝐶 be a
triangle, with  𝐴𝐵𝐶^ = 80∘.
Let  O be
a point inside  𝐴𝐵𝐶
such that  𝑂𝐴𝐶^ = 10∘
and  𝑂𝐶𝐴^ = 30∘.

Express the angle  𝐴𝐵𝑂^
in terms of  𝑂𝐵¯𝐴𝐶 ¯  .




 

 Problem 7.2 

Prove that if the lengths of the angle bisectors of a triangle are all less than or equal to 
1, then the area of the triangle
is less than or equal to  3
 3  .
                                                                                       
                                                                                       




 

 Problem 7.3 

Four circles on a plane are mutually tangent to each other. The points of tangency are all distinct.
Three of the circles have collinear centers. Determine the distance between the center of fourth
circle and the line through the centers of the others, in terms of the radius of the fourth circle.

(There are two cases: one for internal tangency and one for external tangency)




 

 Problem 7.4 

Let  𝐴𝐵𝐶 be a triangle.
Let  γ be its
circumcircle. Let  α1,α2,α3 be
circles such that  α1
is tangent to  𝐵𝐶¯,
to  𝐶𝐴¯, and to 
γ (internally);
 α2 is tangent
to  𝐴𝐵¯, to 
𝐶𝐴¯, and to 
γ (internally);
 α3 is tangent
to  𝐴𝐵¯, to 
𝐵𝐶¯, and to 
γ (internally). Determine
the radius of  γ,
given the radii of  α1,α2,α3.
                                                                                       
                                                                                       

 
Alernative formulation.

 
Three circles are each tangent to a (distinct) unordered pair of (distinct) sides of a triangle and to the
circumcircle of the triangle (internally). Determine the radius of the circumcircle, given the radii of the three
circles.




 

 Problem 7.5 

Let  𝐴𝐵𝐶 be an equilateral triangle,
and let  O be a point inside
it. Show that the lengths  𝐴𝑂¯,
 𝐵𝑂¯, 
𝐶𝑂¯ can be
the side lengths of a triangle, and determine the measures of the internal angles in such triangle, in terms of 
𝐴𝑂𝐵^ and 
𝐵𝑂𝐶^.




 

 Problem 7.6 

Prove that a quadrilateral  𝐴𝐵𝐶𝐷 is a
rhombus if and only if the triangles  𝐴𝑂𝐵,
 𝐵𝑂𝐶, 
𝐶𝑂𝐷, 
𝐷𝑂𝐴 are isoperimetetric,
where  O is the intersection
of the diagonal lines  𝐴𝐶
and  𝐵𝐷.


                                                                                       
                                                                                       


 

 Problem 7.7 

Given a triangle, let  R be the radius
of its circumscribed circle, and  r
the radius of its inscribed circle. Determine the distance 
s between
the centers of these two circles.

 
Determine the set of possible values of  s among
all triangles that have a fixed circumradius  R;
when are the extremes achieved?




 

 Problem 7.8 

Given two intersecting lines  r,
 s on a plane, and a
real number  a ≥ 0, find
the locus of points  P of
the plane such that  d ⁡ (P,r) + d ⁡ (P,s) = a.




 


 Problem 7.9 

Prove that the area of a quadrilateral with side lengths 
a,b,c,d which admits both inscribed
and circumscribed circles is  𝑎𝑏𝑐𝑑.
                                                                                       
                                                                                       




 

 Problem 7.10 

Determine the shortest networks that connect the four vertices of a square to each other.




 

 Problem 7.11 

Let  U = {A,B,C} be a partition
of  ℝ2. Prove that
for any  a ∈ ℝ+ there
exists  S ∈ U such that
there exist  p,q ∈ S
with  d ⁡ (p,q) = a.




 

 Problem 7.12 

Prove that in a cyclic quadrilateral, the perpendiculars to each side passing through the midpoint of the opposite
side are concurrent.



                                                                                       
                                                                                       

 

 Problem 7.13 

Determine the quadrilateral with the largest area, given the lengths of its four sides, in order.




 

 Problem 7.14 

Let  𝐴𝐵¯ be a chord in a
circle, and let  M be its
midpoint. Let  𝐶𝐷¯ and 
𝐸𝐹¯ be two other chords in the circle
that pass through the point  M,
with  C and 
F on opposite
sides of  𝐴𝐵¯.
Prove that  𝐶𝐹¯
intersects  𝐴𝐵¯
at a point  P,
and  𝐸𝐷¯ intersects
 𝐴𝐵¯ at a point 
Q, on opposite
sides of  M,
such that  𝑀𝑃¯≅𝑀𝑄¯.




 

 Problem 7.15 

Given a triangle, determine a line that halves both its area and its perimeter.
                                                                                       
                                                                                       




 

 Problem 7.16 

Let  𝐴𝐵𝐶𝐷 be a trapezoid
with bases  𝐴𝐵¯ and 
𝐶𝐷¯. Given a point
 P ∈𝐴𝐵¯, determine
two points  Q1,Q2 ∈𝐶𝐷¯
that, respectively, maximize the area of the quadrilateral intersection of the triangles 
𝐴𝐵Q1 and 
𝐶𝐷𝑃,
and minimize the area of the quadrilateral intersection of the triangles 
𝐴𝐵Q2 and 
𝐶𝐷𝑃.




 

 Problem 7.17 

Let  a,b,c be the side lengths
of a triangle, and let  α,β,γ
be the measures of their opposite angles, respectively. Prove that: 
 
	
                                                                                       
                                                                                       
 
                                          b + c − 2a 
  sin⁡(α
2 )    + c + a − 2b 
  sin⁡(β
2 )    + a + b − 2c 
  sin⁡(γ
2 )     ≥ 0







 Problem 7.18 

Let  α,β,γ be
the measures of the internal angles of a triangle. Prove that: 
 
	
 
                                            sin⁡  (α) + sin⁡  (β) + sin⁡  (γ) ≤  9 
10







 Problem 7.19 

Let  a, 
b, 
c be the side lengths of
a triangle, and let  α,
 β, 
γ be the
                                                                                       
                                                                                       
measures of their opposite angles, respectively. Prove that: 
 
	
 
                                                  π 
3 ≤ a ⋅ α + b ⋅ β + c ⋅ γ 
     a + b + c      ≤ π 
2







 Problem 7.20 

Let  P
be a point in an equilateral (or regular?) hexagon of side length 
1. Prove that the sum of the distances
between  P and the vertices of the
hexagon is less than or equal to  4 + 23.




 

 Problem 7.21 

A circle is given on a plane. Given two points on the plane, outside the circle, construct a circle that passes
through those two points and is tangent to the first circle. 
(Is the problem asking for a straightedge and compass construction?)



                                                                                       
                                                                                       

 

 Problem 7.22 

Prove that if a triangle and a square are circumscribed about the same circle, then the portion of
the square contained inside the triangle makes up more than half of the perimeter of the square.

(Note that the triangle is generic: it is not necessarily equilateral).




 

 Problem 7.23 

Let  𝐴𝐵𝐶 be a triangle.
Let  M be the
midpoint of  𝐴𝐶¯. Let 
𝐶𝐿¯ be the angle
bisector of  𝐵𝐶𝐴^,
with  L ∈𝐴𝐵¯. Let 
P be the intersection
point of  𝐶𝐿¯
and  𝐵𝑀¯. Prove
that  𝐶𝑃¯𝑃𝐿 ¯   − 𝐴𝐶¯ 𝐶𝐵¯ = 1.




 

 Problem 7.24 

How many unordered pairs of triangles have as union a given quadrilateral?



                                                                                       
                                                                                       

 

 Problem 7.25 

 n
segments are given on the plane. Prove that the number of triangles whose sides are among those segments is 
𝑂 ⁡ (n3∕2).




 

 Problem 7.26 

Prove that any convex polygon of area  1
contains a triangle of area  1
4.




 

 Problem 7.27 

Let  𝐴𝐵𝐶𝐷𝐸 be a convex
pentagon. The triangles  𝐴𝐵𝐶, 
𝐵𝐶𝐷, 
𝐶𝐷𝐸, 
𝐷𝐸𝐴, 
𝐸𝐴𝐵 all have
area  1.
Determine the area of the pentagon.


 

                                                                                       
                                                                                       
                                                                                       
                                                                                       

 



 




 Solid Geometry   






 Problem 8.1 

Prove that if a sphere is tangent to all the edges of a three-dimensional quadrilateral, then the points of
tangency are coplanar.




 

 Problem 8.2 

Show that if in a tetrahedron the sums of lengths of opposite edges are all equal, then the sums of opposite
dihedral angles are all equal.



                                                                                       
                                                                                       

 

 Problem 8.3 

Find an equivalent condition for the bisectors of two trihedral angles of a tetrahedron to intersect.

(Note: a bisector of a trihedral angle is the locus of points that are equidistant from its three line
edges.)




 

 Problem 8.4 

Determine the tetrahedrons of a given volume that maximise the radius of their inscribed sphere.




 

 Problem 8.5 

Let   h1,h2,h3,h4 be the lengths of the altitudes
of a tetrahedron. Let  O be an interior
point of the tetrahedron. Let  d1,d2,d3,d4
be the distances between  O
and the planes containing the faces of the tetrahedron. Show that 
h14 + h24 + h34 + h44 ≥ 210d1d2d3d4.



                                                                                       
                                                                                       

 

 Problem 8.6 

Prove that the heights of a tetrahedron are concurrent if and only if one of the heights has its base in the
orthocenter of the corresponding face.




 

 Problem 8.7 

Prove that in any tetrahedron, the circumradius  R
and the inradius  r
are such that  R ≥ 3r.




 

 Problem 8.8 

Given a tetrahedron of unit volume, and one point on each of its sides, cut off corners from each vertex using the
given points on the sides exiting that vertex. Prove that at least one of the cutoff parts has volume less than or equal
to  1
8.




 

 Problem 8.9 

                                                                                       
                                                                                       
Let  𝐴𝐵𝐶𝐷 be a tetrahedron
such that  𝐴𝐵𝐶 is equilateral
and  𝐵𝐴𝐷^≅𝐴𝐶𝐷^≅𝐵𝐶𝐷^. Prove that 
𝐴𝐵𝐶𝐷 is a regular pyramid
on the base  𝐴𝐵𝐶; that
is: prove that  𝐴𝐷¯≅𝐵𝐷¯≅𝐶𝐷¯.




 

 Problem 8.10 

Prove that if the faces of a tetrahedron all have the same area, then they are congruent.




 

 Problem 8.11 

Let  𝐴𝐵𝐶𝐷 be a
tetrahedron. Let  O be
a point on the face  𝐴𝐵𝐶.
Prove that: 
 
	
 
           1 
2(ADB^ + BDC^ + CDA^) /mo> 𝑂𝐷𝐴^ + 𝑂𝐷𝐵^ + 𝑂𝐷𝐶^ /mo> 𝐴𝐷𝐵^ + 𝐵𝐷𝐶^ + 𝐶𝐷𝐴^

                                                                                       
                                                                                       



 Problem 8.12 

Prove that the sum of the measures of all dihedral angles of a tetrahedron is greater than 
2π and less
than  3π,
and that for any value in that range there exists a tetrahedron that achieves it.




 

 Problem 8.13 

If a tetrahedron is contained inside another tetrahedron, then is the sum of the lengths of the sides of the inner
one less than that of the outer one? Is the sum of the areas of the faces of the inner tetrahedron less than that of
the outer one?




 

 Problem 8.14 

A regular tetrahedron  𝐴𝐵𝐶𝐷
with side length  a
has its vertices on the surface of a double-cone whose vertex angle is 
π
2 . The
side  𝐴𝐵¯
lies on a generator of the cone. Determine the distance from the vertex of the cone to the line 
𝐶𝐷.
                                                                                       
                                                                                       




 

 Problem 8.15 

Can a cube be inside a half-cone, with  7
vertices on the surface of the cone?




 

 Problem 8.16 

Determine the distance between a circle inscribed in a face of a cube and a circle circumscribed about an
adjacent face of the cube.




 

 Problem 8.17 

Prove that if all the faces of a convex polyhedron are triangles, then there is an edge such that the angles that it
forms with its adjacent co-facial edges are all acute.



                                                                                       
                                                                                       

 

 Problem 8.18 

Prove that an irregular octahedron is completely contained in the union of the balls that have its edges as
diameters.




 

 Problem 8.19 

Determine whether it is possible for a planar section of a rectangular parallelepiped to be an equilateral (or
regular?) pentagon.




 

 Problem 8.20 

Determine whether for any trihedral angle there exists a plane that intersects it in an equilateral
triangle.




 

 Problem 8.21 

Prove that there exists a convex polyhedron of volume 
1 that does not contain a
tetrahedron of volume  1
8.
                                                                                       
                                                                                       

 
Prove that any convex polyhedron of volume  1
contains a tetrahedron of volume   1
27.
Try to improve the estimate to a larger constant.


 

                                                                                       
                                                                                       
                                                                                       
                                                                                       

 



 
 






 Geometric constructions   






 Problem 9.1 

Let   𝐴𝐵𝐶
be a triangle. Using only straightedge and compass, construct a point 
P ∈𝐴𝐵¯ and a point 
Q ∈𝐵𝐶¯ such
that  𝐴𝑃¯≅𝑃𝑄¯≅𝑄𝐶¯.




 

 Problem 9.2 

Using only straightedge and compass, construct a quadrilateral, given its angles, in order, and its diagonals, in
order.



                                                                                       
                                                                                       

 

 Problem 9.3 

Using only straightedge and compass, reconstruct a quadrilateral, given segments congruent to its four sides,
in order, and a segment congruent to the segment between the midpoints of the first and third
sides.




 

 Problem 9.4 

Given a point and an angle on a plane, construct, using only straightedge and compass, a line through the point
that cuts the angle into a triangle of minimum perimeter. 
Additionally, given also a segment, construct a line through the point that cuts the angle into a triangle whose
perimeter is the length of the segment.




 

 Problem 9.5 

Given a circle and one of its diameters, and given a point on the plane that does not lie on the circle nor on the
line containing the diameter, construct, using only a straightedge, the perpendicular from the given point to the
given diameter.




 

                                                                                       
                                                                                       
 Problem 9.6 

Given a circle and one of its diameters, and given a point on the circle, distinct from the endpoints of the
diameter, construct, using only a straightedge, the perpendicular from the given point to the given
diameter.




 

 Problem 9.7 

Given a segment and a positive integer  n,
divide the segment into  n
parts of equal lengths, using only a compass.




 

 Problem 9.8 

Given two parallel segments and a positive integer 
n, divide one of the
segments into  n
parts of equal lengths, using only a straightedge.




 

 Problem 9.9 

                                                                                       
                                                                                       
Given two segments on the plane, of lengths  a
and  b,
construct, using only straightedge and compass, a segment of length 
c such
that: 
 
	
 
                                                            c4 = a4 + b4



Note: a segment of length  1
is not given.




 

 Problem 9.10 

Reconstruct a square given one point from each side, using only straightedge and compass.




 

 Problem 9.11 

Using only straightedge and compass, construct the directrix and focus of a given parabola.


                                                                                       
                                                                                       


 

 Problem 9.12 

Using only straightedge and compass, find the diameter of a given sphere.


 

                                                                                       
                                                                                       
                                                                                       
                                                                                       

 



 




 Other   






 Problem 10.1 

Let   R,S,T be
sets, with  # ⁡ (R) ≥ 2, 
# ⁡ (S) ≥ 2, and 
# ⁡ (T ) ≥ 3. Let 
f : R × S → T be such
that  # ⁡ (im(f )) ≥ 3. The
elements  a ∈ R and 
b ∈ S are such that
the functions  S → T : y↦f(a,y)
and  R → T : x↦f(x,b) are
not constant.
Prove that there exist  p,r ∈ R
and  q,s ∈ S such
that  f(p,q), 
f(r,q), 
f(p,s) are all
distinct.



                                                                                       
                                                                                       

 

 Problem 10.2 

Let  f : ℝ → ℝ be a
function, with  f(0) = 0, 
f(1) = 1, 
f(88) = 2. Prove that
there exist  x,y ∈ ℝ
with  |x − y| ≤ 4 such
that  f(x + 1) /mo> f(x)
and  f(y + 2n)≠f(y) for
some  n ∈ ℕ.

 

                                                                                       
                                                                                       

                                                                                       
                                                                                       

 

                                                                                       
                                                                                       

 



 
 





 Evaluations   






 Problem 1.1 

Let   a1,…,an ∈ ℂ be an arithmetic
progression, with  cos⁡(ai)≠0
for all  1 ≤ i ≤ n.
Evaluate the sum: 
 
	
 
                                                   ∑
  i=1n−1            1
cos⁡(ai) cos⁡(ai+1)




 Solution 

                                                                                       
                                                                                       
Let  r be the common difference
of the arithmetic progression. If  r
is a multiple of  π, then,
trivially, letting  k ∈ ℤ
such that  r = 𝑘𝜋:

 
	
 
                       ∑
  i=1n−1            1
cos⁡(ai) cos⁡(ai+1) = ∑
  i=1n−1          1
(−1)k cos⁡2(a1) = (−1)k  n − 1 
cos⁡2(a1)



If  r is not a
multiple of  π,
then: 
 
	
 
                       ∑
  i=1n−1            1
cos⁡(ai) cos⁡(ai+1) =      sin⁡(an − a1) 
 sin⁡(r)cos⁡(a1) cos⁡(an) = tan⁡(an) −tan⁡(a1) 
          sin⁡(r)



In fact:
                                                                                       
                                                                                       

 

              sin⁡(r)∑
  i=1n−1            1
cos⁡(ai) cos⁡(ai+1)               = ∑
  i=1n−1         sin⁡(r)
cos⁡(ai) cos⁡(ai+1) =                                          
                                                       = ∑
  i=1n−1   sin⁡(ai+1 − ai)
 cos⁡(ai) cos⁡(ai+1) =                                          
                                                       = ∑
  i=1n−1 sin⁡(ai+1) cos⁡(ai) −sin⁡(ai) cos⁡(ai+1)
               cos⁡(ai) cos⁡(ai+1)                =                            
                                                       = ∑
  i=1n−1tan⁡(a
i+1) −tan⁡(ai) =                                         
                                                       = tan⁡(an) −tan⁡(a1)                                                     




 Problem 1.2 

Find  sin⁡(1∘).



 

 Solution 1 

Observe that  1∘ = 10∘− 9∘,
and  10∘ =  π 
18.
Hence:
                                                                                       
                                                                                       

 

               sin⁡(1∘)                = sin⁡(10∘− 9∘) = sin⁡(10∘)cos⁡(9∘)−cos⁡(9∘)sin⁡(9∘) =                                   
                                    =  1 
2icos⁡(9∘)(ei π
18  − e−i π
18  ) − 1 
2sin⁡(9∘)(ei π
18  + e−i π
18  ) =                                   
                                    = 1 
2ei π
18  (−sin⁡(9∘)− icos⁡(9∘)) + 1 
2e−i π
18  (−sin⁡(9∘) + icos⁡(9∘))                              

The term  ei π
18  is the
principal cube root of  eiπ
6  = 3   2 + 1 2i,
and the term  e−i π
18  is the
principal cube root of  e−iπ
6  = 3   2 − 1 2i,
so they can be written as:

 

                                                      ei π
18  = 3 + i 
   2    3,                                                      e−i π
18  = 3 − i 
   2    3                                                                                                            

The values of  sin⁡(9∘)
and  cos⁡(9∘)
are the following (they can be calculated using the angle difference formulas from 
9∘ = 45∘− 36∘):
                                                                                       
                                                                                       

 

                            sin⁡(9∘)                             = 1 
82(5 + 1) − 1 
45 −  5                                                        
                            cos⁡(9∘)                             = 1 
82(5 + 1) + 1 
45 −  5                                                        

Altogether: 
 
	
 

 

 sin⁡(1∘) = 1 
83 + i 
   2    3 ⋅(− 1 
22(5 + 1) + 5 −  5 −i(1
22(5 + 1) + 5 −  5))+
           + 1 
83 − i 
   2    3 ⋅(− 1 
22(5 + 1) + 5 −  5 + i(1
22(5 + 1) + 5 −  5))
                                                                                                                                         





 Solution 2 

The complex number  cos⁡(1∘) + isin⁡(1∘)
is:
                                                                                       
                                                                                       

 

     cos⁡(1∘) + isin⁡(1∘)      = ei( π
18 − π
20 ) = ei π
18  ⋅(cos⁡(9∘)− isin⁡(9∘)) =                                
                         = 1 
43 + i 
   2    3 ⋅(1 
22(5 + 1) + 5 −  5 − i(1
22(5 + 1) −5 −  5))          

Then,  sin⁡(1∘)
is its imaginary part.               

 

 Problem 1.3 

Evaluate  tan⁡(1
7π)⋅tan⁡(3
7π)⋅tan⁡(5
7π).


 

 Solution 

To do           

 


 Problem 1.4 

Determine the number of digits of  125100
in base  10.



 

 Solution 1 

The number of digits is  210. To prove
this, it needs to be shown that  10209 ≤ 125100 /mo> 10210.
                                                                                       
                                                                                       

 
For the first inequality, first observe that  55 /mo> 3 ⋅ 210
(since  55 = 3125, and 
3 ⋅ 210 = 3 ⋅ 1024 = 3072). Squaring
yields:  510 /mo> 9 ⋅ 220 /mo> 8 ⋅ 220. Raising
to the power of  10
gives:  5100 /mo> 810 ⋅ 2200 = 10243 ⋅ 2200 /mo> 109 ⋅ 2200.
Multiplying by  5200
yields:  125100 = 5300 = 5200 ⋅ 5100 /mo> 5200 ⋅ 109 ⋅ 2200 = 10209.

 
The second inequality is equivalent to  12510 /mo> 1021,
which follows by:  1253 ⋅ 1257 /mo> 1283 ⋅ 1257 = 221 ⋅ 521.


 

 Solution 2 

The number of digits is  210. To prove
this, it needs to be shown that  10209 ≤ 125100 /mo> 10210.

 
For the first inequality, first observe that  55 /mo> 3 ⋅ 210
(since  55 = 3125, and 
3 ⋅ 210 = 3 ⋅ 1024 = 3072). Squaring yields:
 510 /mo> 9 ⋅ 220 /mo> 8 ⋅ 220 = 223. Multiplying
by  523 gives: 
12511 = 533 = 510 ⋅ 523 /mo> 223 ⋅ 523 = 1023. Raising to
the power of  9
gives  12599 /mo> 109⋅23 = 10207.
Finally,  125100 = 125 ⋅ 12599 /mo> 100 ⋅ 12599 /mo> 100 ⋅ 10207 = 10209.

 
The second inequality is equivalent to  510 /mo> 107 = 27 ⋅ 57
(by raising to the power of  30),
which is equivalent to  53 /mo> 27,
which is true ( 125 /mo> 128).


 

 Solution 3 

                                                                                       
                                                                                       
The number of digits of a positive integer  n
in base  b is 
⌊log⁡b(n) + 1⌋. Thus, the required number of
digits is  ⌊100log⁡10(125) + 1⌋, (and the problem is
essentially that of evaluating  log⁡10(125)
to two decimal places).

 
First notice that  log⁡10(2) /mo>  3 
10, since
 210 = 1024 /mo> 1000 = 103. Then, observe that 
3 = log⁡10(1000) = log⁡10(23 ⋅ 53) = log⁡10(125) + 3log⁡10(2). From this, the following
upper bound is deduced:  100log⁡10(125) = 300 − 300log⁡10(2) /mo> 300 − 300 ⋅ 3 
10 = 210.

 
Now observe t